Stable rationality of orbifold Fano threefold hypersurfaces by Okada, Takuzo
STABLE RATIONALITY OF ORBIFOLD FANO THREEFOLD
HYPERSURFACES
TAKUZO OKADA
Abstract. We determine the rationality of very general quasismooth Fano 3-
fold weighted hypersurfaces completely and determine the stable rationality of
them except for cubic 3-folds. More precisely we prove that (i) very general
Fano 3-fold weighted hypersurfaces of index 1 or 2 are not stably rational except
possibly for the cubic threefolds, (ii) among the 27 families of Fano 3-fold weighted
hypersurfaces of index greater than 2, very general members of specific 7 families
are not stably rational and the remaining 20 families consists of rational varieties.
1. Introduction
The aim of this paper is to study (stable) rationality of orbifold Fano 3-fold
hypersurfaces by the combination of the specialization argument of universal CH0-
triviality initiated by Voisin [24], developed by Colliot-The´le`ne and Pirutka [7], and
the reduction modulo p argument by Kolla´r [16, 17]. The combination of these two
arguments is firstly applied by Totaro [22] in the proof of stable non-rationality of
hypersurfaces. We recall basic notions and some backgrounds briefly.
A projective variety X is rational if X is birational to the projective space, and
X is stably rational if there exists m ≥ 0 such that X × Pm is rational. Rationality
problem, or in other words determining rationality of algebraic varieties, is a one
of the fundamental problems in algebraic geometry. In dimension 3, the minimal
model program reduces this problem to the same problem for Fano 3-folds of Picard
number one, del Pezzo fibrations over P1 and conic bundles over rational surfaces.
We focus on Fano 3-folds (of Picard number one). Smooth Fano 3-folds have been
well studied in this direction and their (stable) rationality is determined (cf. [13]).
A Fano 3-fold of Picard number one, which appears as an outcome of the MMP,
in general has Q-factorial and terminal singularities and it is necessary to study
(stable) rationality of such mildly singular Fano 3-folds.
By an orbifold Fano 3-fold hypersurface, we mean a Fano 3-fold with at most
terminal singularities embedded in a weighted projective 4-space as a well formed and
quasi-smooth hypersurface (see Definition 4.1). An orbifold Fano 3-fold hypersurface
is Q-factorial, has Picard number 1 and has only isolated cyclic quotient terminal
singularities. For an orbifold Fano 3-fold hypersurface X = Xd ⊂ P(a0, . . . , a4),
where the subscript d indicates the degree of the defining equation of X, the positive
integer α such that OX(−KX) ∼= OX(α) is called the index (or Fano index) of X.
Explicitly, the index is given by α = a0 + · · · + a4 − d. There are 130 families
of orbifold Fano 3-fold hypersurfaces (see [14], [2], [3]). Among them, 95 families
consist of index 1 Fano 3-folds. We recall known results on (stable) rationality for
orbifold Fano 3-fold hypersurfaces.
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2 TAKUZO OKADA
Rationality questions for orbifold Fano 3-fold hypersurfaces of index 1 are settled
in [15, 9, 5] where it is proved that they are birationally rigid, and in particular
nonrational. Among them there are quite a few varieties whose stable non-rationality
is known, namely, a very general quartic 3-fold [7] and a very general hypersurface
of degree 6 in P(1, 1, 1, 1, 3), which is a double cover of P3 branched along a very
general hypersurface of degree 6 [1].
Rationality questions for orbifold Fano 3-fold hypersurfaces of index greater than
1 have not been settled yet. It is well known that cubic 3-folds are not ratio-
nal [6]. Stable non-rationality is known for a very general hypersurface of degree
4 in P(1, 1, 1, 1, 2), which is a double cover of P3 branched along a very general
hypersurface of degree 4 [24], and for a very general hypersurface of degree 6 in
P(1, 1, 1, 2, 3) [13]. The above Fano 3-folds are all smooth. In [19], rationality ques-
tions for weighted hypersurfaces are studied and it is in particular proved that there
are two families of singular orbifold Fano 3-fold hypersurfaces of index > 1 whose
very general members are not rational.
We state the main theorem of this paper, which completely settles rationality
questions for very general orbifold Fano 3-fold hypersurfaces, and also settles stable
rationality questions for them except for cubic 3-folds.
Theorem 1.1. Suppose that the ground field is the complex number field.
(1) A very general orbifold Fano 3-fold hypersurface of index 1 is not stably
rational.
(2) A very general orbifold Fano 3-fold hypersurface of index 2 is not stably
rational except possibly for cubic 3-folds.
(3) Among the 27 families of Fano 3-fold hypersurfaces of index greater than 2,
20 families consist of rational varieties and a very general member of the
remaining 7 families is not stably rational (see Table 1).
We can re-state Theorem 1.1 in the following way, which gives a simple charac-
terization of (stable) rationality of very general orbifold Fano 3-fold hypersurfaces
in terms of weights of the ambient space and the degree of the hypersurface.
Theorem 1.2. Let X = Xd ⊂ P(a0, . . . , a4), a0 ≤ · · · ≤ a4, be a very general
orbifold Fano 3-fold hypersurface of degree d defined over the complex number field.
Then the following are equivalent.
(1) Either d < 2a4 or d = 2a4 = 2a3.
(2) X is rational.
Moreover, if X is not a cubic 3-fold, then the above 2 conditions are equivalent to
the following.
(3) X is stably rational.
Note that the implication (1)⇒ (2) is easy (see Section 6) and (2)⇒ (3) is trivial.
The main result of this paper is to prove the implication (3)⇒ (1).
The implication (1) ⇒ (2) holds true in any dimension: for a general orbifold
Fano hypersurface X = Xd ⊂ P(a0, . . . , an+1), a0 ≤ · · · ≤ an+1, of degree d, if either
d < 2an+1 or d = 2an+1 = 2an, then X is rational. The following question arises
naturally.
Question 1.3. Let X = Xd ⊂ P(a0, . . . , an+1), a0 ≤ · · · ≤ an+1, be a very general
orbifold Fano hypersurface of degree d and dimension n ≥ 3. Is there any X which
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Table 1. (Stable) Rationality of orbifold Fano 3-folds of index > 1:
In the column “Rat”, the signs +, − and−−mean that a very general
member is rational, not rational and not stably rational, respectively.
The column “Ind” indicates the index of members of the family.
No. Xd ⊂ P(a0, . . . , a4) Rat Ind No. Xd ⊂ P(a0, . . . , a4) Rat Ind
96 X3 ⊂ P(1, 1, 1, 1, 1) − 2 113 X4 ⊂ P(1, 1, 2, 2, 3) + 5
97 X4 ⊂ P(1, 1, 1, 1, 2) −− 2 114 X6 ⊂ P(1, 1, 2, 3, 4) + 5
98 X6 ⊂ P(1, 1, 1, 2, 3) −− 2 115 X6 ⊂ P(1, 2, 2, 3, 3) + 5
99 X10 ⊂ P(1, 1, 2, 3, 5) −− 2 116 X10 ⊂ P(1, 2, 3, 4, 5) −− 5
100 X18 ⊂ P(1, 2, 3, 5, 9) −− 2 117 X15 ⊂ P(1, 3, 4, 5, 7) −− 5
101 X22 ⊂ P(1, 2, 3, 7, 11) −− 2 118 X6 ⊂ P(1, 1, 2, 3, 5) + 6
102 X26 ⊂ P(1, 2, 5, 7, 13) −− 2 119 X6 ⊂ P(1, 2, 2, 3, 5) + 7
103 X38 ⊂ P(2, 3, 5, 11, 19) −− 2 120 X6 ⊂ P(1, 2, 3, 3, 4) + 7
104 X2 ⊂ P(1, 1, 1, 1, 1) + 3 121 X8 ⊂ P(1, 2, 3, 4, 5) + 7
105 X3 ⊂ P(1, 1, 1, 1, 2) + 3 122 X14 ⊂ P(2, 3, 4, 5, 7) −− 7
106 X4 ⊂ P(1, 1, 1, 2, 2) + 3 123 X6 ⊂ P(1, 2, 3, 3, 5) + 8
107 X6 ⊂ P(1, 1, 2, 2, 3) −− 3 124 X10 ⊂ P(1, 2, 3, 5, 7) + 8
108 X12 ⊂ P(1, 2, 3, 4, 5) −− 3 125 X12 ⊂ P(1, 3, 4, 5, 7) + 8
109 X15 ⊂ P(1, 2, 3, 5, 7) −− 3 126 X6 ⊂ P(1, 2, 3, 4, 5) + 9
110 X21 ⊂ P(1, 3, 5, 7, 8) −− 3 127 X12 ⊂ P(2, 3, 4, 5, 7) + 9
111 X4 ⊂ P(1, 1, 1, 2, 3) + 4 128 X12 ⊂ P(1, 4, 5, 6, 7) + 11
112 X6 ⊂ P(1, 1, 2, 3, 3) + 4 129 X10 ⊂ P(2, 3, 4, 5, 7) + 11
130 X12 ⊂ P(3, 4, 5, 6, 7) + 13
is rational but satisfies neither d < 2an+1 nor d = 2an = 2an+1? Moreover is there
any X which is stably rational but not rational?
We explain a rough sketch of the proof of main theorems and then the organi-
zation of the paper. To each family of orbifold Fano 3-fold hypersurfaces which
do not satisfy (1) of Theorem 1.2, we construct a subfamily whose members ad-
mit a cyclic covering structure over a weighted hypersurface. We then consider the
subfamily over an algebraically closed field of characteristic p, where p is a prime
number dividing the covering degree, so that a member X of the subfamily is an
inseparable covering of a weighted hypersurface. By the Kolla´r’s argument, we can
prove that there exists a non-zero global differential 2-form η on X (which is regular
on the smooth locus of X). The next task is to construct a resolution ϕ : Y → X of
singularities of X satisfying good properties. Here good properties mean that ϕ is
universally CH0-trivial and ϕ
∗η is a regular form on Y . The latter implies that Y
is not universally CH0-trivial. Now we lift X to an orbifold Fano 3-fold hypersur-
face over C, and, by the specialization property of universal CH0-triviality, we can
conclude that a very general member of the considered family is not stably rational.
In Section 2, we explain in detail that the existence of the above mentioned
subfamily indeed implies the stable non-rationality of a very general member of the
family. In Section 3, we consider weighted hypersurfaces X admitting an inseparable
cyclic covering structure over a weighted hypersurface Z and give a condition for
X to admit a resolution of singularities ϕ : Y → X satisfying good properties. The
most important condition is the mildness of singularities of X, and thus we need
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to control them. We study singularities of X in terms of quasi-smoothness of X
along a suitable stratum of the ambient space and in terms of critical points of the
section defining the branched divisor of the covering X → Z. In Section 4, we give
quasi-smoothness criteria for weighted hypersurfaces in positive characteristic and
in Section 5 we give a criterion for a suitable section on a weighted hypersurface to
have only mild critical points. In Section 6 we consider rationality of orbifold Fano
3-fold hypersurfaces. In Section 7 we apply criteria in Sections 4 and 5 for orbifold
Fano 3-fold hypersurfaces and show that the condition given in Section 3 is satisfied,
which will complete the proof of stable non-rationality by the result of Section 2.
Finally, in Section 7, we exhibit an example of a stably non-rational orbifold Fano
3-fold hypersurface obtained in this paper and show that the rationality criterion [4,
Theorem 1.8] in terms of absolute complexity is sharp.
Acknowledgments. The author would like to thank Professor Ivan Cheltsov for
having interest on this work. The author is partially supported by JSPS KAKENHI
Grant Number 26800019.
2. Preliminaries
2.1. Universal CH0-triviality. We explain the definition and basic properties of
universally CH0-triviality. For a variety X, we denote by CH0(X) the Chow group
of 0-cycles on X, which is by definition the free abelian group of 0-cycles modulo
rational equivalence.
Definition 2.1. (1) A projective variety X defined over a field k is universally
CH0-trivial if for any field F containing k, the degree map CH0(XF )→ Z is
an isomorphism.
(2) A projective morphism ϕ : Y → X defined over a field k is universally CH0-
trivial if for any field F containing k, the push-forward map ϕ∗ : CH0(YF )→
CH0(XF ) is an isomorphism.
We apply the following specialization arguments to orbifold Fano 3-fold hypersur-
faces.
Lemma 2.2 ([7, Lemma 1.5]). If X is a smooth, projective, stably rational variety,
then X is universally CH0-trivial.
Theorem 2.3 ([7, The´ore`me 1.14]). Let A be a discrete valuation ring with fraction
field K and residue field k, with k algebraically closed. Let X be a flat proper scheme
over A with geometrically integral fibers. Let X be the generic fiber X ×A K and Y
the special fiber X ×A k. Assume that Y admits a universally CH0-trivial resolution
Y˜ → Y of singularities. Let K be an algebraic closure of K and assume that the
geometric generic fiber XK admits a universally CH0-trivial resolution X˜ → XK . If
X˜ is universally CH0-trivial, then so is Y˜ .
The following is a sufficient condition for universally CH0-non-triviality.
Lemma 2.4 ([22, Lemma 2.2]). Let X be a smooth projective variety over a field k.
If H0(X,ΩiX) 6= 0 for some i > 0, then X is not universally CH0-trivial.
2.2. Framework of proof. Let a0, . . . , an+1, d be positive integers and P(a0, . . . , an+1)
the weighted projective space with homogeneous coordinates x0, . . . , xn+1. Let
X → PMZ be the family of weighted hypersurfaces of degree d in P(a0, . . . , an+1)
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defined over Z. Here PMZ parametrizes the polynomials of degree d with coefficients
in Z and in variables x0, . . . , xn+1. For a field or a ring R, we denote by XR → PMR
the base change of X → PMZ , which the family of weighted hypersurfaces of degree
d in P(a0, . . . , an+1) defined over R.
Our aim is to construct a (locally closed) subspace T ∼= ANZ of PMZ , 0 < N ≤ M ,
satisfying the following condition. For a field k, we define Tk = T ×SpecZ Spec k ⊂
PMk .
Condition 2.5. (1) A general member of the subfamily parametrized by TC ⊂
PMC is quasi-smooth and has only isolated cyclic quotient singularities.
(2) There exists an algebraically closed field k of positive characteristic p such
that T indepk 6= ∅ (see Definition 2.6 below) and a very general member X ′ of
the subfamily parametrized by Tk ⊂ PMk has only isolated singular points
and admits a resolution ϕ′ : Y ′ → X ′ of singularities with the following
properties:
(a) ϕ′ is an isomorphism over the smooth locus of X ′ and the exceptional
divisor of ϕ′ is a simple normal crossing (abbreviated as SNC) divisor
whose components are smooth rational varieties.
(b) H0(Y ′,Ωn−1Y ′ ) 6= 0.
Definition 2.6. For a field k, we define T indepk to be the subset of Tk = A
N
k consisting
of the point (α1, . . . , αN ) ∈ ANk such that α1, . . . , αN are algebraically independent
over the prime field of k.
Example 2.7. We explain by an example that what kind of T we will consider. Let
us consider weighted hypersurfaces of degree 9 in P = P(1, 1, 1, 3, 4). Let x, y, z, w, t
be the homogeneous coordinates of weight 1, 1, 1, 3, 4, respectively. The polynomials
(up to a multiple of non-zero constant) in x, y, z, w, t of degree 9 with coefficients
in Z can be parametrized by P102Z , so that we have a family X → P102Z of weighted
hypersurfaces of degree 9 in P defined over Z. We consider the subfamily consisting
of hypersurfaces defined by an equation of the form
w3 + f9(x, y, z, t) = 0.
Let T be the affine space parametrizing degree 9 polynomials f9(x, y, z, t) in variables
x, y, z, t. We see that T ∼= A94Z and we can naturally embed T ↪→ P102Z so that the
fiber of X → PM over points of T are hypersurfaces defined by w3 + f9 = 0. The
members parametrized by T are cyclic covers of P(1, 1, 1, 3) branched along a divisor
of degree 9.
The most crucial condition is (2) whose verifications for orbifold Fano 3-fold hy-
persurfaces will be done in Section 7. In this section, we explain that the existence
of T satisfying Condition 2.5 implies that a very general member of XC → PMC is
not stably rational. Although the arguments below may be well known to experts,
we include them for readers’ convenience.
We keep the above setting and let Y = X ×SpecZ T → T be the subfamily of
X → PMZ . Let k be an algebraically closed field of characteristic p as in Condition
2.5.(2).
Remark 2.8. (1) By Condition 2.5.(1), a general member of the family Xk →
PMk is quasi-smooth and has only isolated cyclic quotient singularities for
any algebraically closed field k of characteristic 0.
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(2) An isolated cyclic quotient singularity (defined over an algebraically closed
field) admits a resolution of singularities whose exceptional divisor is a simple
normal crossing divisor and each component is a nonsingular rational (toric)
variety (see [10, Theorem 11.2.2]).
(3) By [7, Proposition 1.8] and [8, Lemma 2.4], a resolution ϕ′ : Y ′ → X ′ whose
exceptional divisor is a SNC divisor with smooth rational components is
universally CH0-trivial.
Note that the set Tk \ T indepk is a countable union of divisors and hence T indepk is
non-empty if k is uncountable.
Lemma 2.9. Let X be a very general member of the family YC → TC. Then there
exists a universally CH0-trivial resolution Y → X of singularities such that Y is not
universally CH0-trivial.
Proof. We may assume that k is countable. Indeed, we can take finitely many ele-
ments γ1, . . . , γm ∈ k such that, for k = Fp(γ1, . . . , γm) ⊂ k, every objects appearing
in Condition 2.5.(2) (X ′, ϕ′ : Y ′ → X ′, etc.) can be defined over the algebraic closure
k¯ ⊂ k and T indep
k¯
6= ∅. Replacing k with k¯, we may assume that k is countable.
Let R = W (k) be the ring of Witt vectors over k, which is a complete discrete
valuation ring whose residue field is k and the quotient field K is of characteristic
0. Since R = k ⊕ k ⊕ · · · set-theoretically, its quotient field K is countable. This
implies that there is an embedding ι0 : K¯ ↪→ C, where K¯ is a fixed algebraic closure
of K.
Let X be a very general member of the family YC → TC and P = (α1, . . . , αN ) ∈
T indepC the corresponding point. We choose and fix a point P
′ = (α′1, . . . , α′N ) ∈
T indepk and let X
′ be the corresponding member of Yk → Tk. For each i, we choose
and fix a lift ai ∈ R of α′i via R→ k. Let V be the fiber of XR → TR over the R-point
(a1, . . . , aN ) ∈ TR. Note that V is a projective scheme overR whose special fiber Vk is
isomorphic to X ′. By Condition 2.5.(2) (and see also Remark 2.8), Vk ∼= X ′ admits
a universally CH0-trivial resolution ϕ
′ : Y ′ → X ′. Moreover Y ′ is not universally
CH0-trivial by Lemma 2.4. Since the α
′
i are algebraically independent over Fp, the
ai ∈ K are algebraically independent over Q. It follows that the geometric generic
fiber VK¯ is a very general member of the family YK → TK . In particular it is
quasi-smooth and has only isolated cyclic quotient singularities. Thus there exists
a universally CH0-trivial resolution V˜K¯ → VK¯ of singularities (see Remark 2.8).
Hence, by Theorem 2.3, V˜K¯ is not universally CH0-trivial. Now we can choose an
automorphism τ : C→ C which maps ι0(ai) to αi. We set ι = τ ◦ ι0 : K¯ ↪→ C. Then
the base change via ι : K ↪→ C of the generic fiber of V → SpecR is isomorphic
to X and the base change V˜C → VC ∼= X via ι of the resolution V˜K¯ → VK¯ gives
a universally CH0-trivial resolution of X. The proof is completed since V˜C is not
universally CH0-trivial. 
Lemma 2.10. A very general member of the family XC → PMC is not stably rational.
Proof. Let K¯ be an algebraic closure of the function field K = C(PMC ) and let
XK¯ be the geometric generic fiber of X → PMC . For a closed point P ∈ PMC , we
denote by XP the fiber of X → PMC over P . By [23, Lemma 2.1], there exists a
subset Σ ⊂ PMC which is a countable union of proper closed subsets of PMC such
that XP is isomorphic to XK¯ as an abstract scheme. The variety XK¯ has only
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isolated cyclic quotient singularities and thus admits a universally CH0-trivial toric
resolution X˜K¯ → XK¯ . Moreover, if we are given a point P ∈ PMC \Σ, then the fiber
XP admits a universally CH0-trivial resolution YP → XP such that YP is isomorphic
to X˜K¯ as an abstract scheme. Since the Chow group of a variety X only depend on
X as a scheme (see [23, Lemma 2.1]), it follows that YP is universally CH0-trivial
if and only if so is X˜K¯ . Thus, if we show that there exists a point P ∈ PMC \ Σ
such that YP is not universally CH0-trivial, then, for any P
′ ∈ PMC \ Σ, YP ′ is not
universally CH0-trivial, hence XP ′ is not stably rational.
By Lemma 2.9, for a very general point Q ∈ TC ⊂ PMC , the fiber XQ of Y → TC
over Q admits a universally CH0-trivial resolution YQ → XQ of singularities such
that YQ is not universally CH0-trivial. Let C ⊂ PMC be a nonsingular curve such
that Q ∈ C and C 6⊂ Σ. We can indeed take such a curve C by choosing any point
P ′′ ∈ PMC \ Σ and successively cutting down PMC by general hyperplanes passing
through P ′′ and Q. By Theorem 2.3 applied to the local ring OC,Q, the geometric
generic fiber XC(C) of X×PMC C → C admits a universally CH0-trivial toric resolution
X˜C(C) → XC(C) such that X˜C(C) is not universally CH0-trivial. Repeating the same
argument as in the first part of the proof, we conclude that the fiber XP admits a
universally CH0-trivial toric resolution YP → XP such that YP is universally CH0-
trivial for a very general point P ∈ C. Since P ∈ C is very general and Σ ∩ C 6= ∅,
we may assume that P /∈ Σ. Therefore the proof is completed. 
3. General construction of a good resolution
3.1. Cyclic covers and admissible critical points. We briefly recall Kolla´r’s
construction of a suitable line bundle on an inseparable cyclic covering space and
then give definition of critical points (see [17, Section V.5] for details).
Let Z be a smooth variety of dimension n over an algebraically closed field of pos-
itive characteristic p, L a line bundle on Z, m a positive integer and s ∈ H0(Z,Lm)
a global section. Let pi : X → Z be the cyclic cover of degree m branched along
the zero locus (s = 0) ⊂ Z. Throughout the present section, we assume that p | m
and that the branched divisor (s = 0) is reduced. In this setting, there is a line
bundle on Q(L, s) on Z such that pi∗Q(L, s) ⊂ (Ωn−1X )∨∨, where (Ωn−1X )∨∨ denotes
the double dual of Ωn−1X , and Q(L, s) ∼= ωZ ⊗ Lm.
Singularities of X can be understood by critical points of s. Let q ∈ Z be a point,
x1, . . . , xn local coordinates of Z at q and τ a local generator of L at q. Then, locally
around q, we can write s = fτm, where f = f(x1, . . . , xn) ∈ OZ,q.
Definition 3.1. We say that s has a critical point at q if ∂f/∂x1 = · · · = ∂f/∂xn = 0
at q.
Note that the above definition does not depend on the choice of a local generator
τ and local coordinates x1, . . . , xn. We have
SingX = pi−1({critical point of s}).
We give a definition of admissible critical point of s, which ensures some mildness
of singularities of X. The following definition is complicated and we refer readers
to [21, Section 3.3] for details.
Definition 3.2. We say that s ∈ H0(Z,L) has an admissible critical point at q ∈ Z
if in a local expression s = fτm, f satisfies one of the following:
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(1) Either n is even or n is odd and p 6= 2, and the quadratic part of f is
nondegenerate.
(2) n is odd, p = 2, m = 2 and lengthOZ,q/(∂f/∂x1, . . . , ∂f/∂xn) = 2.
(3) n is odd, p = 2, m 6= 2, 22 - m, lengthOZ,q/(∂f/∂x1, . . . , ∂f/∂xn) = 2 and
s does not vanish at q.
(4) n is odd, p = 2, m 6= 2, 22 - m, lengthOZ,q/(∂f/∂x1, . . . , ∂f/∂xn) = 2, s
vanishes at q and the quadratic part of f is nondegenerate.
(5) n is odd, p = 2, 22 | m, lengthOZ,q/(∂f/∂x1, . . . , ∂f/∂xn) = 2 and the
quadratic part of f is nondegenerate.
Note that the above definition does not depend on the choice of τ and x1, . . . , xn.
Remark 3.3. Suppose that n is odd and p = 2. In this case, by [17, Section V.5],
the condition lengthOZ,q/(∂f/∂x1, . . . , ∂f/∂xn) = 2 is satisfied if and only if in a
suitable choice of local coordinates x1, . . . , xn, f can be written as
f = α+ βx21 + x2x3 + x4x5 + · · ·+ xn−1xn + γx31 + g(x1, . . . , xn),
where α, β, γ ∈ k with γ 6= 0 and g is a linear combination of monomials of degree
at least 3 other than x31. Under the above choice of coordinates, f is nondegenerate
if and only if β 6= 0.
3.2. Construction. Let P = P(a0, . . . , an, b) be a weighted projective space defined
over an algebraically closed field k of positive characteristic p with homogeneous
coordinates x0, . . . , xn and w of weight a0, . . . , an and b, respectively. Let m be a
positive integer divisible by p. Let X be a weighted hypersurface in P defined by
f(x0, . . . , xn, w
m) = 0.
We define Z to be the weighted hypersurface defined by f(x0, . . . , xn, w¯) = 0 in the
weighted projective space P(a0, . . . , an,mb) of coordinates x0, . . . , xn and w¯ and let
pi : X → Z be the morphism defined by pi∗w¯ = wm. We define L = OZ(b). Then, w¯
is a global section of (Lm)∨∨ ∼= OZ(mb). We set asum =
∑n
i=0 ai. We introduce the
following condition on X and Z.
Condition 3.4. (1) Z is well-formed (see Definition 4.1) and normal.
(2) There exists a non-empty smooth open subset Z◦ ⊂ Z such that the section
w¯ has only admissible critical points on Z◦ and X has at most isolated cyclic
quotient singular points along X \ pi−1(Z◦).
(3) n ≥ 3.
(4) d− asum ≥ 0 and H0(Z,OZ(d− asum)) 6= 0.
Proposition 3.5. If X satisfies Condition 3.4, then there exists a resolution ϕ : Y →
X of singularities of X such that the exceptional divisor is a SNC divisor with smooth
rational components and H0(Y,Ωn−1Y ) 6= 0.
Proof. Let V be the smooth locus of Z and set U = pi−1(V ) ⊂ X. By [17, Section
V.5], there exists a sub line bundle MU := pi∗Q(L|V , w¯) of (Ωn−1U )∨∨. Condition
3.4.(1) implies that ωZ ∼= OZ(d − asum − mb) and Condition 3.4.(2) in particular
implies that the branched divisor (s = 0) ⊂ Z is reduced. Hence we have an
isomorphism
MU ∼= pi∗(ωV ⊗ (L|V )⊗m) ∼= OU (d− asum) .
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We define M ⊂ (Ωn−1X )∨∨ to be the pushforward of MU by the injection U ↪→ X.
Note that M ∼= OX(d − asum) and it is a reflexive sheaf of rank 1 (which may not
be an invertible sheaf in general).
Let t be any global section of M ∼= OZ(d − asum), which exists by Condition
3.4.(4). We have an injection OX ↪→ M, which is a multiplication by t, and let
N ∼= OX be its image.
Note that s does not have a critical point at V \Z◦ because otherwise X has a non-
quotient singular point along X \ pi−1(Z◦) which is impossible by Condition 3.4.(2).
It follows that s has only admissible critical points on V . Thus, by Conditions 3.4.(3)
and [21, Proposition 4.1], there exists a resolution ϕU : YU → U of singularities of U
such that the exceptional divisor is a SNC divisor with smooth rational components
and ϕU
∗(M|U ) ↪→ Ωn−1YU . This implies that ϕ∗U (N|U ) ↪→ Ωn−1Y . Let ϕ : Y → X
be a resolution such that ϕ coincides ϕU over U and ϕ is a toric resolution of
singularities of isolated cyclic quotient singular points on X \X◦ such that the fiber
of ϕ over any cyclic quotient singular point is a SNC divisor whose component is a
nonsingular toric variety. By Lemma 3.7 below (see also Remark 3.8), we conclude
that OY ∼= ϕ∗N ↪→ Ωn−1Y . Therefore H0(Y,Ωn−1Y ) 6= 0. 
3.3. Lifting lemma for differential forms on toric varieties. In this subsec-
tion, we prove that the pullback via a toric resolution of a differential j-form on a
toric variety is a regular j-form.
We recall necessary definitions of toric varieties and we refer readers to [11, Section
4] for details. Let M be an n-dimensional lattice and σ ⊂ M a convex rational
polyhedral cone generating MQ = M⊗ZQ. Let k be a field and we set A = k[σ∩M],
X = SpecA. For m ∈ σ ∩M, we denote by χm ∈ A the corresponding monomial,
and by Γσ(m) the smallest face of σ containing m.
We set V = M⊗Z k. For a face τ ⊂ σ, we define a subspace Vτ ⊂ V as follow: if
τ is of codimension one, then we define
Vτ = (M ∩ (τ − τ))⊗Z k
and in general we define
Vτ =
⋂
θ⊃τ
Vθ,
where θ ranges over the faces of τ of codimension 1 containing τ . For j = 1, 2, . . . , n,
we define
Ωjσ =
⊕
m∈σ∩M
j∧
(VΓ(m)) · χm,
which is a M-graded k-vector space. It is easy to see that Ωjσ is naturally embedded
into the A-module (
∧j V )⊗kA and thus equipped with the structure of an M-graded
A-module.
Proposition 3.6 (Proposition 4.3, [11]). The sheaf (ΩjX)
∨∨ is isomorphic to the
sheaf associated with the A-module Ωjσ.
Lemma 3.7. Let X be a toric variety over an algebraically closed field k and
ϕ : Y → X a toric resolution of singularities of X. Then there is a homomorphism
ϕ∗((ΩjX)
∨∨)→ ΩjY factoring ϕ∗ΩjX → ΩjY for every j = 1, . . . ,dimX.
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Proof. A toric resolution ϕ : Y → X is obtained by subdividing the fan (in HomZ(M,Z))
which defines X. We may assume that both X and Y are affine toric varieties since
this is a local problem.
Let X = SpecA and A = k[σ ∩M], where M is a lattice and σ is a cone in MR
generating MR. Then we may assume that Y = Spec k[σ
′ ∩M], where σ′ is a cone in
MR such that σ
′ ⊃ σ. It suffices to show that VΓσ(m) ⊂ VΓσ′ (m) for every m ∈ σ∩M.
Indeed, then, there is a natural homomorphism of A′ = k[σ′ ∩M]-modules
Ωjσ ⊗A A′ → Ωjσ′ ,
which, together with Proposition 3.6 shows that there is a homomorphism ϕ∗((ΩjX)
∨∨)→
ΩjY factoring ϕ
∗ΩjX → ΩjY .
First, suppose that m is contained contained in the interior of σ ∩M. Then, m is
contained in the interior of σ′ ∩M. In this case we have VΓσ(m) = VΓσ′ (m) and they
coincide with V = M ⊗Z k. Suppose next that m is contained in the boundary of
σ∩M. Let τ be a codimension one face of σ which contains m. If τ is not contained
in a face of σ′ then m is contained in the interior of σ′ ∩M. Now recall that VΓσ(m)
is the intersection of Vτ , where τ runs over the codimension one faces of σ which
contain m. Therefore we have VΓσ(m) ⊂ VΓσ′ (m), and the proof is completed. 
Remark 3.8. Let x ∈ X be a germ of an isolated toric singularity and let ϕ : Y → X
be a toric resolution of x ∈ X. Lemma 3.7 implies that the pullback via ϕ of any
differential j-form η ∈ (ΩjX)∨∨, viewed as a rational j-form, is a regular j-form on
Y . In particular, for a line bundle L ⊂ (ΩjX)∨∨, we have ϕ∗L ⊂ ΩjY .
4. Quasi-smoothness in positive characteristic
A simple characterization of quasi-smoothness of weighted complete intersections
defined over an algebraically closed field of characteristic 0 is given by Iano-Fletcher
[14] (see also [20] for a slight generalization), which is based on Bertini theorem. The
aim of this section is to give a quasi-smoothness criterion for weighted hypersurfaces
in positive characteristics. Although our argument is technically involved, it is
primitive and avoids the use of Bertini theorem.
We introduce basic definitions. Let P = P(a0, . . . , an) be a weighted projective
space defined over an algebraically closed field k with homogeneous coordinates
x0, . . . , xn of weight a0, . . . , an, respectively. We always assume that P is well-formed,
that is,
gcd(a0, . . . , aˆi, . . . , an) = 1
for any i.
Definition 4.1. Let X be a closed subscheme of P and τ : An+1 \ {o} → P the
natural projection.
We say that X is quasi-smooth if the affine cone CX ⊂ An+1 of X, which is the
closure of τ−1(X) in An+1, is smooth outside the origin o. For a non-empty subset
S ⊂ P, we say that X is quasi-smooth along S if CX is smooth along τ−1(S) ⊂ An+1.
We say that X is well formed if P is well formed and, for any 0 ≤ i < j ≤ n
such that gcd{a0, . . . , aˆi, . . . , aˆj , . . . , an} > 1, X does not contain the closed subset
(xi = xj = 0) of P.
Remark 4.2. We note that for a quasi-smooth weighted complete intersection X ⊂
P(a0, . . . , al) of dimension at least 3, the Weil divisor class group Cl(X) is isomorphic
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to Z and is generated by a divisor (class) A such that OX(A) ∼= OX(1). Indeed, we
have an exact sequence
0→ Z θ−→ Cl(X)→ Cl(R)→ 0,
where θ(m) = mA and R is the coordinate (graded) ring of the quasi-affine cone CX
(see e.g. [25, Theorem 1.6]). Now we have Cl(R) ∼= Cl(Rm), where m is the maximal
ideal of the origin (see [12, Corollary 10.3]). The latter is 0 since Rm is a complete
intersection local ring of dimension at least 4 which is regular outside the maximal
ideal (see [12, Section 18]). Thus Cl(X) = Z·A.
In the rest of this section we assume that the ground field is an algebraically
closed field k of positive characteristic p.
For a subset I ⊂ {0, 1, . . . , n}, we define
Iwt=1 = { i ∈ I | ai = 1 } and Iwt>1 = I \ Iwt=1.
We define
P◦wt=1 =
⋃
i∈{0,...,n}wt=1
(xi 6= 0),
which is an open subset of P.
Definition 4.3. For a non-empty subset I = {i1, . . . , ik} of {0, . . . , n}, we define
Π∗I,P =
(⋂
i∈I
(xi 6= 0)
)
∩
⋂
j /∈I
(xj = 0)
 ⊂ P,
and call it the coordinate stratum of P with respect to I. We denote by ΠI,P the
closure of Π∗I,P.
For I = {i1, . . . , ik}, we sometimes drop the subscript P and write Π∗I,P = Π∗I , and
also we write
Π∗I,P = Π
∗
xi1 ,...,xik
and ΠI,P = Πxi1 ,...,xik .
Let I ⊂ {0, . . . , n} be a non-empty subset. For a polynomial h ∈ k[x0, . . . , xn], we
define h|Π∗I to be the polynomial in variables {xi | i ∈ I } obtained by setting xj = 0
in h for all j ∈ {0, . . . , n}\I. For a matrix M = (hij) with entries hij ∈ k[x0, . . . , xn],
we define M |Π∗I = (hij |Π∗I ).
Let Λ be a set of monomials in variables x0, . . . , xn. For a ring R, we denote
by 〈Λ〉R the free R-module generated by the monomials in Λ. In the following, we
assume that Λ is a set of monomials of the same weighted degree. Then 〈Λ〉k ⊂
H0(P,OP(d)) is a k-vector space. We define L(Λ) ⊂ |OP(d)| to be the linear system
associated with 〈Λ〉k. For subsets Ξ = {g1, . . . , gm} ⊂ Λ and J = {l1, . . . , lk} ⊂
{0, . . . , n}, we define
MΞ,J =
(
∂Ξ
∂{xl1 , . . . , xlk}
)
=
(
∂gj
∂xli
)
1≤i≤k,1≤j≤m
,
and
M ′Ξ,J =
(
∂Ξ
∂{xl1 , . . . , xlk}
)′
=
(
g1 · · · gm
MΞ,{xl1 ,...,xlk}
)
.
We note that, while MΞ,J is not defined when J = ∅, we define M ′Ξ,∅ := (g1 · · · gm).
We setMΛ = MΛ,{0,...,n} andM ′Λ = M
′
Λ,{0,...,n}. We will sometimes writeMΞ,{xl1 ,...,xlk}
and MΞ,{xl1 ,...,xlk} instead of MΞ,J and M
′
Ξ,J .
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4.1. A basic criterion. Let P = P(a0, . . . , an) be a weighted projective space with
homogeneous coordinates x0, . . . , xn of weight a0, . . . , an, respectively, and Λ a set
of monomials in x0, . . . , xn of weighted degree d.
Lemma 4.4. Let I ⊂ {0, . . . , n} be a non-empty subset. Suppose that rankM ′Λ(p) ≥
|I| for any point p ∈ Π∗I,P. Then a general member X ∈ L(Λ) is quasi-smooth along
Π∗I,P.
Proof. We identify W = 〈Λ〉k with kλ via the basis Λ, where λ = |Λ|. Then, for a
point p ∈ Π∗I , the kernel, denoted by Wp, of the map W ∼= kλ → kn+2 defined by the
matrix M ′Λ(p) is precisely the set of polynomials f ∈ W such that (f = 0) ∈ L(Λ)
is not quasi-smooth at p. By the assumption rankM ′Λ(p) ≥ |I|, the codimension
of Wp in W is at least |I|. Then, by counting dimension keeping in mind that
dim Π∗I,P = |I| − 1, we see that a general member of L(Λ) is quasi-smooth along
Π∗I,P. 
Definition 4.5. For a non-empty subset I ⊂ {0, . . . , n}, we say that Λ satisfies
condition (∗)I,P (resp. (∗)′I,P) if there are a subset Ξ ⊂ Λ with |Ξ| = |I| and a subset
J ⊂ {0, . . . , n} with |J | = |I| (resp. |J | = |I| − 1) such that
det(MΞ,J)|Π∗I,P (resp. det(M ′Ξ,J)|Π∗I,P)
is a non-zero monomial. We say that Λ satisfies (†)I,P if it satisfies either (∗)I,P or
(∗)′I,P.
It is clear from the above definition that if Λ satisfies (∗)I,P, (∗)′I,P or (†)I,P, then Λ′
satisfies (∗)I,P, (∗)′I,P or (†)I,P, respectively, for any set Λ′ of monomials in x0, . . . , xn
containing Λ.
Lemma 4.6. Let I ⊂ {0, . . . , n} be a non-empty subset. Suppose that Λ satisfies
(†)I,P. Then a general member of L(Λ) is quasi-smooth along Π∗I,P.
Proof. Put Π∗ = Π∗I,P. We see that det(MΞ,J)|Π∗ and det(M ′Ξ,J)|Π∗ are both k × k
minors of M ′Λ|Π∗ . The conditions (∗)I,P and (∗)′I,P imply that det(MΞ,J |Π∗)(p) 6= 0
and det(M ′Ξ,J |Π∗)(p) 6= 0 for any p ∈ Π∗, respectively. Thus rank(M ′Λ(p)) ≥ |I| for
any p ∈ Π∗ and the assertion follows from Lemma 4.4. 
4.2. Quasi-smoothness of special weighted hypersurfaces I. Let P = P(a0, . . . , an)
and P˜ = P(a0, . . . , an, b) be weighted projective spaces with homogeneous coordi-
nates x0, . . . , xn and x0, . . . , xn, w of weight a0, . . . , an and a0, . . . , an, b, respectively.
Let d be a positive integer divisible by b and we set m = d/b. We assume that m is
divisible by p. The aim of this subsection is to make the quasi-smoothness criterion
Lemma 4.6 simpler for a general weighted hypersurface in P˜ defined by an equation
of the form wm+ f(x0, . . . , xn) = 0. Let Λ be a set of monomials of weighted degree
d = mb in variables x0, . . . , xn. Note that Λ does not contain a monomial involving
w. Note also that we think of w as the (n + 1)th coordinate xn+1, so that, for
example, we have
Π∗{0,...,n+1},P˜ =
(
n⋂
i=0
(xi 6= 0)
)
∩ (w 6= 0).
Lemma 4.7. Let I ⊂ {0, . . . , n} be a non-empty subset. If Λ satisfies (∗)I,P, then
Λ ∪ {wm} satisfies both (†)I,P˜ and (†)I∪{n+1},P˜.
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Proof. By the assumption, there are subsets Ξ ⊂ Λ and J ⊂ {0, . . . , n} such that
|Ξ| = |J | = |I| and det(MΞ,J)|Π∗I,P is a non-zero monomial. It is obvious that
Λ ∪ {wm} satisfies (∗)I,P˜ and hence (†)I,P˜. Since m is divisible by p, we have
det
(
M ′Ξ∪{n+1},J
)
|Π∗
I∪{n+1},P˜
= ±wm det (MΞ,J) |Π∗I,P .
This shows that Λ ∪ {wm} satisfies (∗)′
I∪{n+1},P˜ and hence (†)I∪{n+1},P˜. 
Lemma 4.8. Let I ⊂ {0, . . . , n} be a non-empty subset. If Λ satisfies (∗)I′,P for any
non-empty subset I ′ ⊂ I, then the weighted hypersurface in P˜ defined by wm + f = 0
is quasi-smooth along ΠI∪{n+1},P˜ for a general f ∈ 〈Λ〉k.
Proof. We have
ΠI∪{n+1},P˜ =
(⋃
I′⊂I
Π∗
I′,P˜
)
∪
(⋃
I′⊂I
Π∗
I′∪{n+1},P˜
)
.
It follows from Lemmas 4.7 and 4.6 that a general member of L(Λ∪{wm}) is quasi-
smooth along ΠI,P˜, and the proof is completed. 
The following gives an easy criterion for the condition (∗)I,P for I ⊂ {0, . . . , n}
with |I| ≤ 2.
Lemma 4.9. Let Λ be a set of monomials of degree d in variables x0, . . . , xn.
(1) For i ∈ {0, . . . , n}, Λ satisfies (∗){i},P if and only if ether xki ∈ Λ for some k
with p - k or xlixj for some j 6= i and l.
(2) For distinct i1, i2 ∈ {0, . . . , n}, Λ satisfies (∗){i1,i2},P if one of the following
holds.
(a) xk1i1 , x
k2
i2
∈ Λ for some k1, k2 such that p - k1k2.
(b) xk1i1 x
l2
i2
, xk2i2 ∈ Λ for some l, k1, k2 such that p - k1k2.
(c) xk1i1 x
pl2
i2
, xl1i1x
k2
i2
∈ Λ for some l1, l2, k1, k2 such that p - k1k2.
(d) xl1i1x
l2
i2
xj , x
m
i1
xki2 ∈ Λ for some l1, l2,m, k such that p - k and j /∈ {i1, i2}.
(e) xl1i1x
l2
i2
xj1 , x
m1
i1
xm2i2 xj2 ∈ Λ for some l1, l2,m1,m2 and distinct j1, j2 /∈{i1, i2}.
Proof. It is easy to prove (1) and we leave it to readers. We prove (2). Let Ξ be the
set of the 2 monomials given in (a), (b), (c), (d) or (e) and we set Π∗ = Π∗{i1,i2},P.
Then we have
det
(
MΞ,{xi1 ,xi2}
)
|Π∗ = k1k2xk1−1i1 xk2−1i2 (in case (a)),
det
(
MΞ,{xi1 ,xi2}
)
|Π∗ = k1k2xk1−1i1 xl+k2−1i2 (in case (b)),
det
(
MΞ,{xi1 ,xi2}
)
|Π∗ = k1k2xk1+l1−1i1 x
k2+pl2−1
i2
(in case (c)),
det
(
MΞ,{xj ,xi2}
)
|Π∗ = kxl1+mi1 xl2+k−1i2 (in case (d)),
det
(
MΞ,{xj1 ,xj2}
)
|Π∗ = xl1+m1i1 xl2+m2i2 (in case (e)).
Thus, any of the conditions (a), (b), (c) and (d) implies (∗){i1,i2},P. 
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4.3. Quasi-smoothness of special weighted hypersurfaces II. In this sub-
section, let P = P(a0, . . . , an, c) be a weighted projective space with homogeneous
coordinates x0, . . . , xn and v of weight a0, . . . , an and c. Let d be a positive integer
such that d = cm + ak for some k ∈ {0, . . . , n} and m ≥ 1. We fix such k. The
aim of this subsection is to make the quasi-smoothness criterion Lemma 4.6 sim-
pler for a general weighted hypersurface in P defined by an equation of the form
vmxk + f(x0, . . . , xn) = 0. Let Λ be a set of monomials of weighted degree d in
variables x0, . . . , xn.
Definition 4.10. Let I ⊂ {0, . . . , n} be a non-empty subset. We say that Λ satisfies
(?)kI,P if either there are subsets Ξ ⊂ Λ and J ⊂ {0, . . . , n} \ {k} with |Ξ| = |I| and
|J | = |I| such that
det(MΞ,J)|Π∗I,P
is a non-zero monomial or there are subsets Ξ′ ⊂ Λ and J ⊂ {0, . . . , n} \ {k} with
|Ξ′| = |I| − 1 and |J | = |I| such that
det(M ′Ξ′,J)|Π∗I,P
is a non-zero monomial.
We drop the superscript k from (?)kI,P and denote it by (?)I,P. It is clear that if
Λ satisfies (?)I,P, then it satisfies (†)I,P.
Lemma 4.11. If Λ satisfies (?)I,P for a non-empty subset I ⊂ {0, . . . , n}, then
{vmxk} ∪ Λ satisfies both (†)I,P and (†)I∪{n+1},P.
Proof. It is clear that {vmxk} ∪ Λ satisfies (†)I,P. Suppose that there are subsets
Ξ ⊂ Λ and J ⊂ {0, . . . , n} \ {k} such that |Ξ| = |I|, |J | = |I| and det(MΞ,J)|Π∗I,P is
a non-zero monomial. Then we have
det
(
M{vxk}∪Ξ,J∪{k}
) |Π˜∗
I∪{n+1},P
= ±vm det (MΞ,J) |Π∗I,P ,
which shows that {vmxk} ∪ Λ satisfies (†)I∪{n+1},P. Suppose that there are subsets
Ξ′ ⊂ Λ and J ⊂ {0, . . . , n}\{k} such that |Ξ′| = |I|−1, |J | = |I| and det(M ′Ξ′,J)|Π∗I,P
is a non-zero monomial. Then we have
det
(
M ′{vxk}∪Ξ′,J∪{k}
)
|ΠI∪{n+1},P = ±vm det
(
M ′Ξ,I
) |Π∗I,P ,
which shows that {vmxk} ∪ Λ satisfies (†)I∪{n+1},P. This completes the proof. 
The following gives a criterion for quasi-smoothness along P \ P◦wt>1.
Lemma 4.12. Suppose that Λ satisfies (?)I,P for any non-empty subset I ⊂ {0, . . . , n}wt>1.
Then the weighted hypersurface in P defined by vmxk + f = 0 is quasi-smooth along
P \ P◦wt=1 for a general f ∈ 〈Λ〉k.
Proof. We have
P \ P◦wt>1 =
 ⋃
I⊂{0,...,n}wt>1
Π∗I,P
 ∪
 ⋃
I⊂{0,...,n}wt>1
Π∗I∪{n+1}.P

Thus the assertion follows from Lemmas 4.11 and 4.6. 
The following gives a criterion for quasi-smoothness when m = 1.
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Lemma 4.13. Suppose that m = 1 and Λ satisfies (?)I,P for any non-empty subset
I ⊂ {0, . . . , n} \ {k}. Then the weighted hypersurface in P defined by vxk + f = 0 is
quasi-smooth for a general f ∈ 〈Λ〉k.
Proof. Let f ∈ 〈Λ〉k be a general element and X the hypersurface in P defined by
vxk + f = 0. Since
∂(vxk + f)
∂v
= xk,
we see that X is quasi-smooth along the open set (xk 6= 0) ⊂ P. We set
I = { I ⊂ {0, . . . , n} \ {k} | I 6= ∅ },
In+1 = { I ′ ⊂ {0, . . . , n+ 1} \ {k} | I ′ 6= ∅ }.
By Lemma 4.6, it is enough to show that {vxk} ∪Λ satisfies (†)I,P for any I ∈ In+1
since
P ⊃ (xk = 0) =
⋃
I′∈In+1
Π∗I′,P.
This follows from the assumption and Lemma 4.11 since
In+1 = I ∪ { I ∪ {n+ 1} | I ∈ I } ∪ {{n+ 1}}
and {vxk} ∪ Λ clearly satisfies (?){n+1},P. 
The following gives an easy criterion for the condition (?)I,P for I ⊂ {0, . . . , n}
with |I| ≤ 2.
Lemma 4.14. Let Λ be a set of monomials in variables x0, . . . , xn.
(1) For i ∈ {0, . . . , n}, Λ satisfies (?)k{i},P if either xli ∈ Λ for some l > 0 or xlixj
for some l > 0 and j ∈ {0, . . . , n} \ {i, k}.
(2) For distinct i1, i2 ∈ {0, . . . , n} \ {k}, Λ satisfies (?){i1,i2},P if one of the
following holds.
(a) xl1i1x
l2
i2
, xm1i1 x
m2
i2
∈ Λ for some l1, l2,m1,m2 ≥ 0 such that at least one of
l1 −m1 and l2 −m2 is not divisible by p.
(b) xl1i1 , x
l2
i2
xj ∈ Λ for some l1, l2 > 0 and j ∈ {0, . . . , n} \ {i1, i2, k}.
(c) xl1i1xj1 , x
l2
i2
xj2 ∈ Λ for some l1, l2 > 0 and distinct j1, j2 ∈ {0, . . . , n} \
{i1, i2, k}.
(3) For i ∈ {0, . . . , n} \ {k}, Λ satisfies (?){i,k},P if one of the following holds.
(a) xα1k x
β1
i xj1 , x
α2
k x
β2
i xj2 ∈ Λ for some α1, α2, β1, β2 ≥ 0 and distinct j1, j2 ∈
{0, . . . , n} \ {k, i}.
(b) xαkx
β
i xj , x
δ
kx
γ
i ∈ Λ for some α, β, γ, δ ≥ 0 and j ∈ {0, . . . , n} \ {k, i}.
(c) xαk , x
β
i x
γ
k ∈ Λ for some α, β > 0 and γ ≥ 0 such that p - β.
(d) xαkxi, x
β
i ∈ Λ for some α, β > 0 such that p - β − 1.
Proof. (1) follows easily since
det
(
M ′{xli},∅
)
|Π∗{i},P = det
(
M{xlixj},{xj}
)
|Π∗{i},P = xli.
We prove (2). Set Π∗ = Π∗{i1,i2},P. Let Ξ be the set of 2 monomials indicated in
(a), (b), (c) or (d). Suppose that we are in case (a). Then
det
(
M ′Ξ,{xi1}
)
|Π∗ = (m1 − l1)xm1+l1−1i1 xm2+l2i2 ,
det
(
M ′Ξ,{xi2}
)
|Π∗ = (m2 − l2)xm1+l1i1 xm2+l2−1i2 .
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By the assumption, at least one of the above monomials is non-zero, and hence Λ
satisfies (?){i1,i2},P. In the other cases, we have
det
(
M ′Ξ,{xj}
)
|Π∗ = xl1i1xl2i2 (in case (b)),
det
(
MΞ,{xj1 ,xj2}
)
|Π∗ = xl1i1xl2i2 (in case (c)).
This shows that Λ satisfies (?){i1,i2},P.
Finally we prove (3). Set Π∗ = Π∗{i,k},P and let Ξ be the set of 2 monomials
indicated in (a), (b), (c) or (d). We have
det
(
MΞ,{xj1 ,xj2}
)
|Π∗ = xα1+α2k xα2+β2i (in case (a)),
det
(
M ′Ξ,{xj}
)
|Π∗ = xα+δk xβ+γi (in case (b)),
det
(
M ′Ξ,{xi}
)
|Π∗ = βxα+γk xβ−1i (in case (c)),
det
(
M ′Ξ,{xi}
)
|Π∗ = (β − 1)xαkxβi (in case (d)).
Therefore Λ satisfies (?){i,k},P. 
We make simpler the quasi-smoothness criterion given in Lemma 4.13 when n = 3.
In the following lemma, we assume k = 1 for simplicity of the description.
Lemma 4.15. Let P = P(a0, . . . , a3, c) be a weighted hypersurface with homogeneous
coordinates x0, . . . , x3, v and let Λ be a set of monomials in variables x0, . . . , x3 of
degree d. Suppose that one of the following holds.
(1) xl11 , x
l2
2 , x
l3
3 ∈ Λ for some l1, l2, l3 such that at least two of them are not
divisible by p.
(2) xl11 , x
l2
2 , x
l3
3 x1 ∈ Λ for some l1, l2, l3 such that p - l3 and either p - l1 or p - l2.
(3) xpl11 , x
l2
2 x1, x
l3
3 x2 ∈ Λ for some l1, l2, l3.
(4) xl11 x2, x
l2
2 x3, x
l3
3 x1 ∈ Λ for some l1, l2, l3 such that p - l1l2l3 + 1.
(5) xl11 , x2x
l2
1 , x3x
l3
1 ∈ Λ for some l1, l2, l3 and Λ satisfies (?)I,P for any non-
empty subset I ⊂ {2, 3}.
Then the weighted hypersurface in P defined by vx0 + f = 0 is quasi-smooth for a
general 〈Λ〉k.
Proof. By Lemma 4.13, it is enough to show that Λ satisfies (?)I,P for any non-
empty subset I ⊂ {1, 2, 3}. By Lemma 4.14, it is easy to see that Λ satisfies (?)I,P
for any I ⊂ {1, 2, 3} with |I| ≤ 2. Thus it remains to show that Λ satisfies (?)I,P for
I = {1, 2, 3}. In the following, we denote by Ξ the set of 3 monomials indicated in
(1), (2), (3) or (4), and we set Π∗ = Π∗x1,x2,x3 .
Suppose that we are in case (1). We may assume that p - l1 and p - l2. We have
det
(
M ′Ξ,{x1,x2}
)
|Π∗ = l1l2xl1−11 xl2−12 xl33 ,
which verifies (?)I,P. Suppose that we are in case (2). We have
det
(
M ′Ξ,{x1,x3}
)
|Π∗ = l1l3xl11 xl22 xl3−13 , det
(
M ′Ξ,{x2,x3}
)
|Π∗ = l2l3xl1+11 xl2−12 xl3−13 .
By the assumption, at least one of the above monomials is non-zero and thus (?)I,P
is verified.
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Suppose that we are in case (3). We have
det
(
M ′Ξ,{x1,x2}
)
|Π∗ = xpl11 xl22 xl33 ,
which verifies (?)I,P.
Suppose that we in case (4). We have
det
(
MΞ,{x1,x2,x3}
) |Π∗ = (l1l2l3 + 1)xl11 xl22 xl33 ,
which verifies (?)I,P.
Finally suppose that we are in case (5). It is clear that Λ satisfies (?){1},P since
xl11 ∈ Λ. We have
det
(
M ′{xl11 ,xix
li
1 },{xi}
)
|Π∗x1,xi = x
l1+li
1
for i = 2, 3 and thus Λ satisfies (?){1,i},P for i = 1, 2. Further, we have
det
(
M ′{xl11 ,x2x
l2
1 ,x3x
l3
1 },{x2,x3}
)
|Π∗x1,x2,x3 = x
l1+l2+l3
1 ,
which verifies (?){1,2,3},P. We have verified (?)I,P for any I ⊂ {1, 2, 3} and thus the
proof is completed. 
5. Critical points
The aim of this section is to show that a suitable section on a weighted projective
space or a weighted hypersurface has only admissible critical points. We introduce
the following condition on positive integers a0, . . . , an and d.
Condition 5.1. (1) The set {0, . . . , n}wt=1 is non-empty, that is, there is i ∈
{0, . . . , n} such that ai = 1.
(2) d ≥ 2ai for any i ∈ {0, . . . , n}.
(3) If p = 2 and n is odd, then there are distinct j, k ∈ {0, . . . , n} such that
d ≥ 3aj , 3ak.
Lemma 5.2. Let P = P(a0, . . . , an) be a weighted projective space. Suppose that
a0, . . . , an and d satisfy Condition 5.1 and that d is divisible by p. Then, a general
section f ∈ H0(P,OP(d)) has only admissible critical points on P◦wt=1.
Proof. We denote by x0, . . . , xn the homogeneous coordinates of P of weight a0, . . . , an.
Let p ∈ P◦wt=1 be a point. Then, replacing coordinates, we may assume p = (1 : 0 :
· · · :0). Condition 5.1.(2) implies that the restriction map
H0(P,OP(d))→ OP(d)⊗ (OP/m3p)
is surjective. If p 6= 2 or p = 2 and n is even, then the assertion follows from [16, 18
Proposition]. Suppose that p = 2 and n is odd. Let Wp ⊂ H0(P,OP(d)) be the set of
sections which have a critical point at p. It is easy to see that Wp is of codimension
3 in H0(P,OP(d)). We will construct a section f which is contained in Wp and has
an admissible critical point at p. Note that a0 = 1 since we arrange coordinates so
that p = (1 : 0 : · · · : 0) ∈ P◦wt=1. By Condition 5.1.(3), we may assume d ≥ 3a1. We
define
f = xd0 + x
d−2a1
0 x
2
1 + x
d−a2−a3
0 x2x3 + · · ·+ xd−an−1−an0 xn−1xn + xd−a30 x31 + · · · ,
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which is an element of Wp and it has an admissible critical point at p. Therefore
the set of sections which has a non-admissible critical point at p is of codimension
at least n+ 1 and the assertion follows from the dimension counting argument. 
Next, let P := P(a0, . . . , an, c) be a weighted projective space with homogeneous
coordinates x0, . . . , xn and v of weight a0, . . . , an and c, respectively. We fix k ∈
{1, 2, 3}. For a homogeneous polynomial f = f(x0, . . . , x3) of weight d := c+ ak, we
denote by Zf the hypersurface in P defined by vxk + f = 0.
Lemma 5.3. Suppose that a0, . . . , an and d := c+ak satisfy Condition 5.1 and that
c is divisible by p. Then, for a general homogeneous polynomial f = f(x0, . . . , xn) of
weighted degree d, the section v ∈ H0(Zf ,OZf (c)) has only admissible critical points
on Zf ∩ P◦wt=1.
Proof. We see that, on a point p ∈ (xk = 0)∩Zf , v (or its translation) can be chosen
as a part of local coordinates, so that v does not have a critical point at any point
p ∈ (xk = 0) ∩ Zf .
We set U = (xk 6= 0) ∩ P◦wt=1 ⊂ P. Let F be the affine space parametrizing the
homogeneous polynomials in variables x0, . . . , x3 of weight d. We define
Wcr = { (f, p) | v has a critical point at p ∈ Zf } ⊂ F × U,
W = { (f, p) | v has a non-admissible critical point at p ∈ Zf } ⊂ W.
Let p ∈ U be a point. We will compute the dimension of the fibers Wcrp and Wp
over p of the projections Wcr → U and W → U , respectively.
By replacing coordinates other than xk and v, we may assume that the coordinates
other than x0, xk, v vanish at p and a0 = 1. We work on the open subset U0 = (x0 6=
0) ⊂ P which we identify with the affine space with coordinates x1, . . . , xn, v.
Suppose that k = 0, that is, Zf is defined by vx0 +f = 0. Then, Zf ∩U0 is defined
by v + f(1, x1, . . . , xn) = 0 and the point p corresponds to (0, . . . , 0, µ) ∈ U0 for
some µ ∈ k. We write f(1, x1, . . . , xn) = α+ g1 + g2 + · · · , where gi = gi(x1, . . . , xn)
is homogeneous of degree i (degree means the usual one; deg(xi) = 1). Thus,
v = −f ∈ Wcrp if and only if α = −µ and g1 = 0. The latter imposes n + 1
conditions. If p 6= 2 or p = 2 and n is even, then for an element f ∈ Wcrp , we
have (f, p) ∈ Wp if and only if the Hessian of g2 is 0, which imposes additional
1 condition. If p = 2 and n is odd, then we can construct f such that g1 = 0,
g2 = x
2
1 + x2x3 + · · · + xn−1xn and g3 = x31 since d ≥ 3a1. This shows Wp 6= Wcrp .
The above arguments show that the codimension of Wp in F × U is at least n+ 2.
Suppose that k 6= 0. We may assume k = 1, that is, Zf is defined in P by
vx1 + f = 0. Then, Zf ∩ U0 is defined by vx1 + f(1, x1, . . . , xn) = 0 and the point
p corresponds to (λ, 0, . . . , 0, µ) for some λ, µ ∈ k with λ 6= 0. We set x∗1 = x1 − λ.
We can write f(1, x1, . . . , xn) = α + g1 + g2 + · · · , where gi = gi(x∗1, x2, . . . , xn) is
homogeneous of degree i. Passing to the completion OˆZf ,p, we have
v = −(x∗1 + λ)−1(α+ g1 + g2 + g3 + · · · )
= −(λ−1 − λ−2x∗1 + λ−3x∗12 − λ−4x∗13 + · · · )(α+ g1 + g2 + g3 + · · · )
= −λ−1α− λ−1(g1 − αλ−1x∗1)− λ−1(g2 − λ−1x∗1g1 + αλ−2x∗12)
− λ−1(g3 − λ−1x∗1g2 + λ−2x∗12g1 − αλ−3x∗13) + · · ·
We see that (f, p) ∈ Wcrp if and only if λµ + α = 0, g1 − αλ−1x∗1 = 0. The latter
imposes n + 1 condition since d ≥ 2ai for any i. In case (f, p) ∈ Wcrp , we have
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α = −λν and g1 = −νx∗1, that is, v = −ν+λ−1g2 + · · · . Thus, if p 6= 2 or p = 2 and
n is even, then we can conclude that n+ 2 conditions are imposed in order for (f, p)
to be containedWp. If p = 2 and n is odd, then we may assume 3an ≥ d and we can
construct f such that α = −λν, g1 = −µx∗1, g2 = x∗1x2 +x3x4 + · · ·+xn−2xn−1 +x2n
and g3 = x
3
n + · · · . For such f , we see that v has an admissible critical point at
p ∈ Zf . This shows Wp 6=Wcrp and thus the codimension of Wp in F ×U is at least
n + 2. Therefore, by counting dimension, we conclude that v has only admissible
critical points on Zf ∩ P◦wt=1. 
6. Orbifold Fano 3-fold hypersurfaces: rationality
We say that a weighted hypersurface X in P(a0, . . . , an+1) is a weighted cone if
there exists i ∈ {0, . . . , n+ 1} such that the defining equation of X does not involve
the variable xi. The following rationality criterion is almost obvious.
Lemma 6.1. Let a0, a1, . . . , an+1 and d be positive integers such that a0 ≤ a1 ≤
· · · ≤ an+1. Suppose that either d < 2an+1 or d = 2an+1 = 2an. Then a weighted
hypersurface of degree d in P(a0, a1, . . . , an+1) is rational if it is irreducible, reduced
and is not a weighted cone.
Proof. Let X be an irreducible and reduced weighted hypersurface of degree d in
P(a0, a1, . . . , an+1) which is not a weighted cone. Note that we have d ≥ an+1
because otherwise X is a weighted cone.
We claim that the defining equation of X can be written in a form xn+1f + g = 0
where f, g are non-zero homogeneous polynomials in variables x0, . . . , xn. If the
assumption d < 2an+1 is satisfied, then this is clear. If the assumption d = 2an =
2an+1 is satisfied, then we may assume that X passes through the point pn+1 =
(0 : · · · : 0 : 1) after possibly changing homogeneous coordinates suitably. With this
choice of coordinates, It is clear that the defining equation of X is in the desired
form.
Now it is easy to see that the projection X 99K P(a0, a1, . . . , an) from the point
pn+1 gives a birational map and X is rational. 
Proposition 6.2. A general member of 20 families No.104–106, 111–115, 118–121,
and 123–130 is rational.
Proof. This follows immediately from Lemma 6.1. 
7. Orbifold Fano 3-fold hypersurfaces: stable non-rationality
Among the 130 families of orbifold Fano 3-fold hypersurfaces, 20 families are
rational by Proposition 6.2, and stable non-rationality of a very general member of
the 4 families No. 1, 3, 97, 98 have been known. Furthermore, we do not treat cubic
3-folds, the family No. 96. The aim of this section is to prove stable non-rationality
of very general members of the remaining 105 families. Although we do not treat
the above mentioned families No. 1, 3, 97, 98, we remark that our argument can
also be applied to those 4 families.
We treat families No. 19, 103 and 122 separately in Sections 7.5, 7.3 and 7.4,
respectively. The remaining 102 families are divided into 2 groups named type I and
type II, which consist of 65 and 37 families (see Tables 2 and 4), and the proof of
stable non-rationality will be given in Sections 7.1 and 7.2, respectively.
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Table 2. Orbifold Fano 3-fold hypersurfaces of type I
No. Xd ⊂ P(a0, . . . , a4) p No. Xd ⊂ P(a0, . . . , a4) p
4 X6 ⊂ P(1, 1, 1, 2, 2) 2 64 X26 ⊂ P(1, 2, 5, 6, 13) 2
5 X7 ⊂ P(1, 1, 1, 2, 3) 7 65 X27 ⊂ P(1, 2, 5, 9, 11) 3
8 X9 ⊂ P(1, 1, 1, 3, 4) 3 67 X28 ⊂ P(1, 1, 4, 9, 14) 2
10 X10 ⊂ P(1, 1, 1, 3, 5) 2 68 X28 ⊂ P(1, 3, 4, 7, 14) 7
11 X10 ⊂ P(1, 1, 2, 2, 5) 2 70 X30 ⊂ P(1, 1, 4, 10, 15) 2
13 X11 ⊂ P(1, 1, 2, 3, 5) 11 71 X30 ⊂ P(1, 1, 6, 8, 15) 2
14 X12 ⊂ P(1, 1, 1, 4, 6) 3 73 X30 ⊂ P(1, 2, 6, 7, 15) 2
15 X12 ⊂ P(1, 1, 2, 3, 6) 3 74 X30 ⊂ P(1, 3, 4, 10, 13) 2
17 X12 ⊂ P(1, 1, 3, 4, 4) 2 76 X30 ⊂ P(1, 5, 6, 8, 11) 2
20 X13 ⊂ P(1, 1, 3, 4, 5) 13 79 X33 ⊂ P(1, 3, 5, 11, 14) 3
21 X14 ⊂ P(1, 1, 2, 4, 7) 2 80 X34 ⊂ P(1, 3, 4, 10, 17) 2
22 X14 ⊂ P(1, 2, 2, 3, 7) 2 81 X34 ⊂ P(1, 4, 6, 7, 17) 2
24 X15 ⊂ P(1, 1, 2, 5, 7) 3 82 X36 ⊂ P(1, 1, 5, 12, 18) 2
25 X15 ⊂ P(1, 1, 3, 4, 7) 5 84 X36 ⊂ P(1, 7, 8, 9, 12) 2
26 X15 ⊂ P(1, 1, 3, 5, 6) 3 85 X38 ⊂ P(1, 3, 5, 11, 19) 2
27 X15 ⊂ P(1, 2, 3, 5, 5) 5 86 X38 ⊂ P(1, 5, 6, 8, 19) 2
28 X15 ⊂ P(1, 3, 3, 4, 5) 3 87 X40 ⊂ P(1, 5, 7, 8, 20) 5
34 X18 ⊂ P(1, 1, 2, 6, 9) 2 88 X42 ⊂ P(1, 1, 6, 14, 21) 2
36 X18 ⊂ P(1, 1, 4, 6, 7) 2 89 X42 ⊂ P(1, 2, 5, 14, 21) 2
41 X20 ⊂ P(1, 1, 4, 5, 10) 5 91 X44 ⊂ P(1, 4, 5, 13, 22) 2
45 X20 ⊂ P(1, 3, 4, 5, 8) 2 92 X48 ⊂ P(1, 3, 5, 16, 24) 3
46 X21 ⊂ P(1, 1, 3, 7, 10) 3 93 X50 ⊂ P(1, 7, 8, 10, 25) 2
47 X21 ⊂ P(1, 1, 5, 7, 8) 3 94 X54 ⊂ P(1, 4, 5, 18, 27) 2
48 X21 ⊂ P(1, 2, 3, 7, 9) 3 95 X66 ⊂ P(1, 5, 6, 22, 33) 2
49 X21 ⊂ P(1, 3, 5, 6, 7) 3 99 X10 ⊂ P(1, 1, 2, 3, 5) 2
50 X22 ⊂ P(1, 1, 3, 7, 11) 2 101 X22 ⊂ P(1, 2, 3, 7, 11) 2
51 X22 ⊂ P(1, 1, 4, 6, 11) 2 102 X26 ⊂ P(1, 2, 5, 7, 13) 2
52 X22 ⊂ P(1, 2, 4, 5, 11) 2 107 X6 ⊂ P(1, 1, 2, 2, 3) 2
53 X24 ⊂ P(1, 1, 3, 8, 12) 3 109 X15 ⊂ P(1, 2, 3, 5, 7) 3
59 X24 ⊂ P(1, 3, 6, 7, 8) 3 110 X21 ⊂ P(1, 3, 5, 7, 8) 3
61 X25 ⊂ P(1, 4, 5, 7, 9) 5 116 X10 ⊂ P(1, 2, 3, 4, 5) 2
62 X26 ⊂ P(1, 1, 5, 7, 13) 2 117 X15 ⊂ P(1, 3, 4, 5, 7) 3
63 X26 ⊂ P(1, 2, 3, 8, 13) 2
7.1. Type I families. We consider families listed in Table 2. The aim is to construct
a subspace T of the parameter space PM of each family X → PM satisfying Condition
2.5.
We explain how to read Table 2. In the 2nd and 5th columns, the weighted
degree d of the hypersurface and the ambient space P(a0, . . . , a4) is given. Moreover,
there is indicated a unique underlined weight. We choose homogeneous coordinates
x, y, z, t, w of P(a0, . . . , a4) so that w corresponds to the underlined weight and the
others are ordered as wt(x) ≤ wt(y) ≤ wt(z) ≤ wt(t). For example, for family No. 4,
w, x, y, z, t are the coordinates of P(1, 1, 1, 2, 2) of weight 1, 1, 1, 2, 2, respectively, and
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for family No. 8, x, y, z, w, t are coordinates of P(1, 1, 1, 3, 4) of weights 1, 1, 1, 3, 4,
respectively.
In the following we treat type I families uniformly. Let X → PM be a type I
family of weighted hypersurfaces of weighted degree d in P˜ = P(a0, . . . , a4). We
assume that a4 is the underlined weight and let x0, . . . , x3 and w be the coordinates
of P(a0, . . . , a4) of weight a0, . . . , a3 and a4, respectively (When we treat a specific
family individually, we use coordinates x, y, z, t instead of x0, . . . , x3). We work over
an algebraically closed field k of characteristic p, where p is the prime number given
in the 3rd and 6th columns. Let Λ be the set of monomials in variables x0, . . . , x3
of weighted degree d. We consider weighted hypersurfaces X defined in P˜ by an
equation of the form
wm + f = 0,
where m = d/a4 is a positive integer and f ∈ 〈Λ〉k. Those hypersurfaces are
parametrized by Tk, where T ∼= AN with N = |Λ| is the parameter space of polyno-
mials in 〈Λ〉Z. Let pi : X → P = P(a0, . . . , a4) be the projection which is the cyclic
cover of P branched along the divisor (f = 0) ⊂ P. Note that the covering degree m
is divisible by p. We set P◦ = P◦wt=1 and X◦ = pi−1(P◦). In the following, we assume
that X is general, that is, f is general in 〈Λ〉k.
Lemma 7.1. X has only isolated cyclic quotient singularities along X \X◦.
Proof. It is enough to show that X is quasi-smooth along X \ X◦. We set I =
{0, 1, 2, 3}wt>1. We have
X \X◦ = X ∩
(
Π∗
I,P˜ ∪Π∗I∪{4},P˜
)
.
Hence, by Lemma 4.8, it is enough to show that Λ satisfies (∗)I′,P for any non-empty
subset I ′ ⊂ I.
By Lemma 4.9, it is straightforward to check (∗)I′,P for any I ′ ⊂ I with |I ′| ≤ 2
and we leave it to readers (see Examples 7.2 below). In particular, the proof is
completed for families such that |I| ≤ 2. In Table 3, we list families (together with
a set of monomials) such that |I| ≥ 3. For any such family, we have |I| = 3 and it
remains to check (∗)I,P for I = {0, 1, 2, 3}wt>1. Let Ξ be the set of monomials in the
2nd or 4th column and let J be the set of 3 coordinates indicated as a subscript of
Ξ. Then it is straightforward to check that det(MΞ,J)|Π∗I,P is a nonzero monomial,
that is, Λ satisfies (∗)I,P. This completes the proof. 
Example 7.2. We consider family No. 22. Let X = X14 ⊂ P(1, 2, 2, 3, 7) be a
weighted hypersurface defined by w2 + f14(x, y, z, t) = 0, where f14 ∈ k[x, y, z, t] is
general and k is of characteristic 2. We set P = P(1, 2, 2, 3) and we have {0, 1, 2, 3}wt>1 =
{1, 2, 3}. The existence of monomials y7, z7, t4y ∈ Λ shows that Λ satisfies (∗)I,P for
any I ⊂ {1, 2, 3} with |I| = 1. For I ⊂ {1, 2, 3} with |I| = 2, we have∣∣∣∣∂{y7, z7}∂{y, z}
∣∣∣∣
Π∗y,z
= y6z6,
∣∣∣∣∂{y7, ty5x}∂{x, y}
∣∣∣∣
Π∗y,t
= ty11,
∣∣∣∣∂{y7, tz5x}∂{x, z}
∣∣∣∣
Π∗y,t
= tz11.
Here (and after), ∣∣∣∣∂{y7, z7}∂{y, z}
∣∣∣∣
Π∗y,z
= det
(
M{y7,z7},{y,z}
) |Π∗y,z
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Table 3. Monomials proving quasi-smoothness along X \X◦
No. Monomials No. Monomials
13 {t2x, tz2, z3y}x,y,t 79 {y11, t2z, zy9x}x,y,z
20 {t2y, z2t, z3x}x,y,t 80 {t3z, z6t, y11x}x,z,t
22 {y7, z7, ty5x}x,y,z 81 {t4z, z5y, t3y3x}x,y,z
27 {y7x, z3, t3}x,z,t 84 {t3, y4z, y5x}x,z,t
28 {y5, z5, t2z2x}x,y,z 85 {t3z, z7y, z2y9x}x,y,z
36 {z3, t2y, tzyx}x,y,z 86 {t4z, y6t, t4yx}x,z,t
45 {z5, y4t, t2yx}x,z,t 87 {t2, y8, z2y5x}x,y,t
48 {t2z, z7, y10x}x,z,t 89 {t3, y21, zy18x}x,y,t
49 {y7, z3t, z4x}x,y,t 91 {y11, t3z, tz6x}x,y,z
52 {y11, t2z3, ty8x}x,y,z 92 {t2, z9y, xzy14}x,y,t
59 {z4, y8, t2y3x}x,y,z 93 {t5, y6z, y7x}x,z,t
61 {t2z, z3y, y6x}x,y,t 94 {t3, z10y, zy12x}x,y,t
63 {y13, y9t, y11zx}x,y,t 95 {t3, z11, y3x}x,z,t
64 {y13, y10t, z5x}x,y,t 101 {y11, z5t, t3x}x,y,t
65 {z5y, t2z, y13x}x,y,z 102 {y13, t2z, z5x}x,y,z
68 {t2, z4, y9x}x,z,t 109 {z5, y4t, y7x}x,y,t
73 {y15, z5, ty11x}x,y,z 110 {y7, t2z, z4x}x,y,z
74 {z3, zy5, tz4x}x,y,z 116 {y5, z2t, z3x}x,y,t
76 {y5, t2z, ty3x}x,y,z 117 {y5, z2t, t2x}x,y,t
and similarly for the others. Finally, For I = {1, 2, 3}, we have∣∣∣∣∂{y7, z7, ty5x}∂{x, y, z}
∣∣∣∣
Π∗y,z,t
= ty11z6,
The above computations show that Λ satisfies (∗)I,P for any non-empty subset of
{0, 1, 2, 3}wt>1 and thus X is quasi-smooth along X \X◦.
Lemma 7.3. The section f ∈ H0(P,OP(d)) has only admissible critical points on
P◦.
Proof. It is straightforward to check that Condition 5.1 is satisfied. Thus, the asser-
tion follows from Lemma 5.2. 
Proposition 7.4. Any type I family X → PMZ together with T satisfies Condition
2.5.
Proof. We first check that Condition 3.4 is satisfied for X and Z. Note that in this
case we have Z = P and w¯ = f . It is clear that (1), (3) and (4) are satisfied. By
Lemmas 7.1 and 7.3, (3) is satisfied.
Thus, by Proposition 3.5, Condition 2.5.(2) is satisfied. Here the condition
T indepk 6= ∅ follows if we choose k so that it is uncountable. Quasi-smoothness of
general members of the subfamily XC → PMC parametrized by TC follows from quasi-
smoothness criterion [20, Theorem 3.3] in characteristic 0. Therefore Condition 2.5
is satisfied. 
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Table 4. Orbifold Fano 3-fold hypersurfaces of type II
No. Xd ⊂ P(a0, . . . , a4) p Eq No. Xd ⊂ P(a0, . . . , a4) p Eq
2 X5 ⊂ P(1, 1, 1, 1, 2) 2 w2x 43 X20 ⊂ P(1, 2, 4, 5, 9) 2 w2y
6 X8 ⊂ P(1, 1, 1, 2, 4) 7 w7x 44 X20 ⊂ P(1, 2, 5, 6, 7) 2 w2t
7 X8 ⊂ P(1, 1, 2, 2, 3) 7 w7x 54 X24 ⊂ P(1, 1, 6, 8, 9) 23 w23x
9 X9 ⊂ P(1, 1, 2, 3, 3) 2 w4x 55 X24 ⊂ P(1, 2, 3, 7, 12) 3 w3z
12 X10 ⊂ P(1, 1, 2, 3, 4) 3 w3x 56 X24 ⊂ P(1, 2, 3, 8, 11) 2 w2y
16 X12 ⊂ P(1, 1, 2, 4, 5) 2 w2z 57 X24 ⊂ P(1, 3, 4, 5, 12) 2 w4z
18 X12 ⊂ P(1, 2, 2, 3, 5) 2 w2z 58 X24 ⊂ P(1, 3, 4, 7, 10) 2 w2z
23 X14 ⊂ P(1, 2, 3, 4, 5) 3 w3t 60 X24 ⊂ P(1, 4, 5, 6, 9) 2 w2t
29 X16 ⊂ P(1, 1, 2, 5, 8) 3 w3x 66 X27 ⊂ P(1, 5, 6, 7, 9) 2 w4z
30 X16 ⊂ P(1, 1, 3, 4, 8) 5 w5x 69 X28 ⊂ P(1, 4, 6, 7, 11) 2 w2z
31 X16 ⊂ P(1, 1, 4, 5, 6) 3 w3x 72 X30 ⊂ P(1, 2, 3, 10, 15) 5 w5t
32 X16 ⊂ P(1, 2, 3, 4, 7) 5 w5x 75 X30 ⊂ P(1, 4, 5, 6, 15) 3 w6z
33 X17 ⊂ P(1, 2, 3, 5, 7) 2 w8x 77 X32 ⊂ P(1, 2, 5, 9, 16) 3 w3z
35 X18 ⊂ P(1, 1, 3, 5, 9) 17 w17x 78 X32 ⊂ P(1, 4, 5, 7, 16) 5 w5z
37 X18 ⊂ P(1, 2, 3, 4, 9) 3 w3t 83 X36 ⊂ P(1, 3, 4, 11, 18) 3 w3y
38 X18 ⊂ P(1, 2, 3, 5, 8) 2 w2y 90 X42 ⊂ P(1, 3, 4, 14, 21) 7 w7t
39 X18 ⊂ P(1, 3, 4, 5, 6) 3 w3y 100 X18 ⊂ P(1, 2, 3, 5, 9) 3 w3z
40 X19 ⊂ P(1, 3, 4, 5, 7) 3 w6x 108 X12 ⊂ P(1, 2, 3, 4, 5) 2 w2y
42 X20 ⊂ P(1, 2, 3, 5, 10) 5 w5z
7.2. Type II families. We consider type II families listed in Table 4. In the 2nd and
6th columns, the weighted degree of the hypersurface and the ambient weighted pro-
jective space P(a0, . . . , a4) is given. We choose homogeneous coordinates x, y, z, t, w
of P(a0, . . . , a4) so that w corresponds to the underlined weight and the others are
arranged as wt(x) ≤ wt(y) ≤ wt(z) ≤ wt(t).
In the following we treat type II families uniformly. Let X → PM be a type II
family of weighted hypersurfaces of weighted degree d in P˜ = P(a0, . . . , a4). We
assume that a4 is the underlined weight and let x0, . . . , x3 and w be the coordinates
of P˜. Let Λ be the set of monomials in variables x0, . . . , xn of weighted degree d.
We work over an algebraically closed field k of positive characteristic p, where p is
the prime number given in the 3rd or 7th column. Let Λ be the set of monomials
in variables x0, . . . , x3 of weighted degree d. We consider weighted hypersurfaces X
defined in P˜ by an equation of the form
wmxk + f = 0,
where wmxk is the monomials given in the 4th or 8th column and f ∈ 〈Λ〉k. These
hypersurfaces are parametrized by Tk, where T ∼= ANZ with N = |Λ| is the parameter
space of polynomials in 〈Λ〉Z. We define
Z = (w¯xk + f = 0) ⊂ P = P(a0, . . . , a3,ma4),
where w¯ is the coordinate of weight ma4, and let pi : X → Z be the morphism defined
as pi∗w¯ = wm. Note that m is divisible by p and pi is an inseparable cyclic covering
(of degree m) branched along the divisor (w¯ = 0) ∩ Z. We define Z◦ = Z ∩ P◦wt=1
and X◦ = pi−1(Z◦). In the following, we assume that X is general.
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Lemma 7.5. Z is well formed and quasi-smooth. In particular, Z◦ is nonsingular.
Proof. It is straightforward to check that Z is well formed, and we leave it to readers.
We prove quasi-smoothness of Z. In Table 5, we list a set of monomials in the 2nd,
5th and 8th columns except for families No. 18, 23, 44, and this shows that Z is
quasi-smooth by applying (j) of Lemma 4.15, where (j) is the one given in the 3rd,
6th or 9th column.
We consider family No. 18. We have x12, yx10, tx9 ∈ Λ and thus, by Lemma
4.15.(5), it remains to check (?) for the strata Π∗y,t, Π∗y and Π∗t . We can check these
easily by Lemma 4.14 since y6, t4, y3t2 ∈ Λ.
We consider families No. 23, 44 and 90, respectively. We have x14, yx12, zx10 ∈
Λ, x20, yx18, zx15 ∈ Λ and x42, yx38, zx28 ∈ Λ, respectively, and thus by Lemma
4.15.(5), it remains to check (?) for Π∗y,z,Π∗y,Π∗z. We can check these easily by
Lemma 4.14 since y7, z3y ∈ Λ for family No. 23, y10, z4, z2y5 ∈ Λ for family No. 44
and y7z, z3 ∈ Λ for family No, 90. This completes the proof. 
Table 5. Monomials proving quasi-smoothness of Z
No. Monomials 4.15 No. Monomials 4.15 No. Monomials 4.15
2 {y5, z5, t5} (1) 35 {y6, t2, z3y} (2) 60 {y6, z4y, x19z} (3)
6 {y8, z4, t2} (1) 37 {y9, z4y, x14z} (3) 66 {t3, x27, y3t} (2)
7 {z4, y4, t2z} (2) 38 {z6, t3z, x13t} (3) 69 {t4, y7, x21t} (2)
9 {y9, z3, t3} (1) 39 {t3, z3t, x14z} (3) 72 {y15, z3, x28y} (2)
12 {z5, y10, t2z} (2) 40 {t2z, z3y, y3t} (4) 75 {y6, t2, x25y} (2)
16 {x12, t3, y11x} (2) 42 {y10, t2, x18y} (2) 77 {x32, y16, t2} (1)
18 (5) 43 {t4, z5, x15t} (2) 78 {x32, y8, t2} (1)
23 (5) 44 (5) 83 {z9, t2, x32z} (2)
29 {y16, z8, t2} (1) 54 {y4, z3, t2y} (2) 90 (5)
30 {y16, z4, t2} (1) 55 {y12, t2, x22y} (2) 100 {y9, t2, x16y} (2)
31 {z4, y16, t2z} (2) 56 {z8, t3, x21z} (2) 108 {z4, t3, x9z} (2)
32 {y8, z4, t2y} (2) 57 {t2, y4t, x21y} (3)
33 {t2y, z2t, y4z} (4) 58 {y6, t3y, x17t} (3)
Lemma 7.6. X has only isolated cyclic quotient singularities along X \X◦.
Proof. We first claim that X is quasi-smooth along (xk = 0) ⊂ P˜. Let NQsm(X)
and NQsm(Z) be the non-quasi-smooth loci of X and Z, respectively. We have
∂(wmxk + f)/∂w = 0 since p | m, hence
NQsm(X) =
3⋂
i=0
(
∂(wmxk + f)
∂xi
= 0
)
∩ (wmxk + f = 0) ⊂ P˜.
By Lemma 7.5, Z is quasi-smooth, which implies
∅ = NQsm(Z) =
3⋂
i=0
(
∂(w¯xk + f)
∂xi
= 0
)
∩ (xk = 0) ∩ (w¯xk + f = 0) ⊂ P.
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We have
pi−1(NQsm(Z)) = NQsm(X) ∩ (xk = 0),
and thus NQsm(X) ∩ (xk = 0) = ∅, that is, X is quasi-smooth along (xk = 0).
Let X be a member of family for which xk is of weight 1 (this corresponds to
a family such that wmx is given in Table 4). In this case X \ X◦ is contained in
(xk = 0) and thus X is quasi-smooth along X \X◦.
We assume that the weight of xk is at least 2 and we set I = {0, 1, 2, 3}wt>1. By
Lemma 4.12, it is enough to show that (?)kI′,P is satisfied for any non-empty subset
I ′ ⊂ I. By Lemma 4.14, it is straightforward to check (?)kI′,P for any subset I ′ ⊂ I
with |I| ≤ 2 and we leave it to readers. In particular the proof is completed if
|I| ≤ 2.
In Table 6, we list families (together with a set of monomials) such that the weight
of xk is at least 2 and |I| ≥ 3. For any such family, we have |I| = 3 and thus it
remains to check (?)kI,P. Let Ξ be the set of 3 monomials given in the 2nd, 4th or
6th column of the table and J the set of 2 coordinates given as the subscript of Ξ.
Then we see that det(M ′Ξ,J)|Π∗I,P is a non-zero monomial and thus Λ satisfies (?)I,P,
which completes the proof. 
Table 6. Monomials proving quasi-smoothness along X \X◦
No. Monomials No. Monomials No. Monomials
18 {xty4, z5y, t4}x,y 55 {xzy10, t2, y12}x,t 75 {xyz4, t2, y6}x,t
23 {xtz2, y7, t2z}x,y 56 {xzy10, t3, z8}x,t 77 {xzy13, y16, t2}x,y
37 {xty4, y9, z4y}x,y 57 {xyz5, ty4, y8}x,t 78 {xzy6, y8, t2}x,y
38 {xzy7, z6, t3z}x,z 58 {xtz4, y8, t3y}x,y 83 {xyz8, t2, z9}x,t
39 {xy3z2, z3t, t3}x,t 60 {xz3y2, z4y, y6}x,y 90 {xty5, z3, zy7}x,z
42 {xzy7, y10, t2}x,t 66 {xz2y2, t3, ty3}x,y 100 {xty4, t2, y9}x,t
43 {xty7, z5, t4}x,z 69 {xty5, y7, t4}x,y 108 {xzy4, t3, z4}x,t
44 {xzy7, z2y5, z4}x,y 72 {xty7, z3, y15}x,z
Proposition 7.7. Any type II family X → PM together with T satisfies Condition
2.5.
Proof. We can verify Condition 2.5.(1) by the quasi-smoothness criterion [20, The-
orem 3.3] in characteristic 0. We see that Condition 3.4 is satisfied by Lemmas 7.8
and 7.9, hence Condition 2.5.(2) follows from Proposition 3.5. 
7.3. Family No. 103. Let X → PM be the family No. 103 consisting of the weighted
hypersurfaces in P(2, 3, 5, 11, 19) of weighted degree 38. We set P˜ = P(2, 3, 5, 19, 11)
and denote by x, y, z, t, w the homogeneous coordinates of weight 2, 3, 5, 11, 19, re-
spectively. We work over an algebraically closed field k of characteristic 2. Let Λ
be the set of monomials in variables x, y, z, t of weighted degree 38. We consider
weighted hypersurfaces X ⊂ P˜ defined by an equation of the form
w2 + f(x, y, z, t) = 0.
These X are parametrized by Tk, where T ∼= ANZ with N = |Λ| parametrizes the
polynomials in 〈Λ〉Z. In the following we assume that f is general. We set P =
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P(2, 3, 5, 11) and U = (x 6= 0)∩ (y 6= 0) ⊂ P. Note that U is smooth. Let pi : X → P
be the projection which is a double cover branched along the divisor (f = 0) ⊂ P.
Lemma 7.8. X is quasismooth along X \pi−1(U). In particular X has only isolated
cyclic quotient singularities along X \ pi−1(U).
Proof. We have
X \ pi−1(U) = X ∩
(
ΠI0,P˜ ∪ΠI1,P˜
)
,
where I0 = {1, 2, 3} and I1 = {0, 2, 3}. By Lemma 4.8, it is enough to show that Λ
satisfies (∗)I,P for any non-empty subset I of either I0 or I1. By Lemma 4.9, it is
straight forward to check (∗)I,P for I with |I| ≤ 2. For the strata Π∗I0,P = Π∗y,z,t and
Π∗I1,P = Π
∗
x,z,t, we have∣∣∣∣∂{t3z, z7y, y12x}∂{x, y, z}
∣∣∣∣
Π∗y,z,t
= t3z7y12,
∣∣∣∣∂{t3z, z7y, x19}∂{x, y, z}
∣∣∣∣
Π∗x,z,t
= t3z7x18,
which shows that X is quasi-smooth along X \ pi−1(U). 
Lemma 7.9. The section f ∈ H0(P,OP(38)) has only admissible critical points on
U .
Proof. We show that, for any point p ∈ U , the map
ρ : H0(P,OP(38))→ OP(38)⊗OP/m2p
is surjective and there exists g ∈ H0(P,OP(38)) which has an admissible critical
point at p, which will complete the proof by the dimension counting argument.
We have an identification U ∼= (A1u \ {0}) × A2z,t. where z|U and t|U are simply
denoted by z, t, and x|U = y|U = u. Replacing coordinates we may assume p = (λ :
1 : 0 : 0) ∈ U for some λ 6= 0 and, by the above identification, p = (λ2, 0, 0). We set
u∗ = u− λ2 so that mp = (u∗, z, t). We have
ρ(x10y6) = λ32, ρ(x19) = λ38 + λ38u∗, ρ(zx3y9) = λ24z, ρ(tx9y3) = λ24t,
which implies that ρ is surjective. Moreover we have
(zsx8y2 + x19 + λ2x16y2 + λ4x13y4)|U = λ38 + λ20zs+ λ32u∗3 + · · · ,
which has an admissible critical point at p. This completes the proof. 
Proposition 7.10. The family No. 103 together with T satisfies Condition 2.5.
Proof. We can verify Condition 2.5.(1) by the quasi-smoothness criterion [20, The-
orem 3.3] in characteristic 0. We see that Condition 3.4 is satisfied by Lemmas 7.8
and 7.9, hence Condition 2.5.(2) follows from Proposition 3.5. 
7.4. Family No. 122. Let X → PM be the family No. 122 consisting of the weighted
hypersurfaces in P˜ = P(2, 3, 4, 5, 7) of weighted degree 14. We denote by x, y, z, t, w
the homogeneous coordinates of weight 2, 3, 4, 5, 7, respectively. We work over an
algebraically closed field k of characteristic 2. Let Λ be the set of monomials in
variables x, y, z, t of weighted degree 14. We consider weighted hypersurfaces X ⊂ P˜
defined by an equation of the form
w2 + f(x, y, z, t) = 0.
These X are parametrized by Tk, where T ∼= ANZ with N = |Λ| parametrizes the
polynomials in 〈Λ〉Z. In the following we assume that X is general. We set P =
STABLE RATIONALITY OF ORBIFOLD FANO THREEFOLDS 27
P(2, 3, 4, 5) and U = (x 6= 0) ∩ (y 6= 0) of P(2, 3, 4, 5). Note that U is smooth. Let
pi : X → P be the projection which is the double cover branched along the divisor
(f = 0) ⊂ P. The arguments for this family are almost the same as in the previous
subsection.
Lemma 7.11. X is quasi-smooth along X \ pi−1(U). In particular X has only
isolated cyclic quotient singularities along X \ pi−1(U).
Proof. As in the proof of Lemma 7.8, it is enough to show that Λ satisfies (∗)I,P for
any non-empty subset I of either I0 or I1, where I0 = {1, 2, 3} and I1 = {0, 2, 3}. By
Lemma 4.9, it is easy to check (∗)I,P for I with |I| ≤ 2. For the strata Π∗I0,P˜ = Π
∗
y,z,t
and Π∗I1,P = Π
∗
x,z,t, we have∣∣∣∣∂{y3t, z3x, t2z}∂{x, y, z}
∣∣∣∣
Π∗yzt
= t3z3y2,
∣∣∣∣∂{x7, t2z, tzyx}∂{x, y, z}
∣∣∣∣
Π∗xzt
= t3zx7,
which show that X is quasi-smooth along X \ pi−1(U). 
Lemma 7.12. The section f ∈ H0(P,OP(14)) has only admissible critical points on
U .
Proof. We show that, for any point p ∈ U , the map
ρ : H0(P,OP(14))→ OP(14)⊗OP/m2p
is surjective and there exists g ∈ H0(P,OP(14)) which has an admissible critical point
at p, which will complete the proof. We have an identification U ∼= (A1u \{0})×A2z,s.
where z|U and s|U are simply denoted by z, s, and x|U = y|U = u. Replacing
coordinates we may assume p = (λ : 1 : 0 : 0) ∈ U for some λ 6= 0 and, by the above
identification, p = (λ2, 0, 0). We set u∗ = u− λ2 so that mp = (u∗, z, s). We have
ρ(x4y2) = λ12, ρ(x7) = λ14 + λ12u∗, ρ(zx2y2) = λ8z, ρ(sx3y) = λ8s,
which implies that ρ is surjective. Moreover we have
(zsxy + x7 + λ2x4y2 + λ4xy4)|U = λ14 + λ4zs+ λ8u∗3 + · · · ,
which has an admissible critical point at p. This completes the proof. 
Proposition 7.13. The family No. 122 together with T satisfies Condition 2.5.
Proof. We can verify Condition 2.5.(1) by the quasi-smoothness criterion [20, The-
orem 3.3] in characteristic 0. We see that Condition 3.4 is satisfied by Lemmas 7.11
and 7.12, hence Condition 2.5.(2) follows from Proposition 3.5. 
7.5. Family No. 19. Let X → PM be the family No. 19 consisting of the weighted
hypersurfaces in P(1, 2, 3, 3, 4) of weighted degree 19. We re-order the weight and set
P˜ = P(1, 3, 3, 4, 2) and denote by x, y, z, t, w the homogeneous coordinates of weight
1, 3, 3, 4, 2, respectively. We work over an algebraically closed field k of characteristic
2. Let Λ be the union of {w4t} and the set of monomials in variables x, y, z, t of
weighted degree 12. We consider weighted hypersurfaces X ⊂ P˜ defined by an
equation of the form
w6 + δw4t+ f(x, y, z, t) = 0,
where δ ∈ k. These X are parametrized by Tk, where T ∼= ANZ is the space
parametrizing the polynomials in 〈Λ〉Z.
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In the following, we assume that X is general. By re-scaling t, we assume that
δ = 1. We define
Z = (w¯3 + w¯2t+ f12 = 0) ⊂ P := P(1, 3, 3, 4, 4),
where w¯ is the coordinate of weight 4 other than t (so that x, y, z, t, w¯ are the
coordinates of P), and let pi : X → Z be the morphism defined by pi∗w¯ = w2, which
is a double cover of Z branched along the divisor (w¯ = 0) ∩ Z.
Lemma 7.14. Z is quasi-smooth.
Proof. We see that Z is quasi-smooth along (w¯ 6= 0) since
∂(w¯3 + w¯2t+ f12)
∂w¯
= w¯2.
Let Λ be the union of {w¯3, w¯2t} and the set of monomials in variables x, y, z, t of
weighted degree 12, so that Z is a general member of L(Λ). By Lemma 4.6, it is
enough to show that Λ satisfies (†)I,P for any I such that Π∗I,P ⊂ (w¯ = 0). The
existence of monomials x12, y4, z4, t3 ∈ Λ shows that (†) is satisfied for each vertex,
i.e., Π∗x,Π∗y,Π∗z,Π∗t . For the 1-dimensional strata, we have∣∣∣∣∂{x9z, y4}∂z
∣∣∣∣′
Π∗x,y
= x9y4,
∣∣∣∣∂{x9y, z4}∂z
∣∣∣∣′
Π∗x,z
= x9z4,
∣∣∣∣∂{x12, t3}∂t
∣∣∣∣′
Π∗x,t
= x12t2,
∣∣∣∣∂{y4, z3y}∂y
∣∣∣∣′
Π∗y,z
= y4z3,
∣∣∣∣∂{y4, t3}∂t
∣∣∣∣′
Π∗y,t
= y4t2,
∣∣∣∣∂{z4, t3}∂t
∣∣∣∣′
Π∗z,t
= z4t2.
Here, for example, ∣∣∣∣∂{x9z, y4}∂z
∣∣∣∣′
Π∗x,y
= det
(
M ′{x9z,y4},{z}
)
|Π∗x,y
and similarly for the others. For 2-dimensional strata, we have∣∣∣∣∂{z3y, zx9, x12}∂{y, z}
∣∣∣∣′
Π∗x,y,z
= z3x21,
∣∣∣∣∂{t3, yx9, x12}∂{y, t}
∣∣∣∣′
Π∗x,y,t
= t2x21,
∣∣∣∣∂{t3, zx9, x12}∂{z, t}
∣∣∣∣′
Π∗x,z,t
= t2x21,
∣∣∣∣∂{t3, yz3, y4}∂{y, t}
∣∣∣∣′
Π∗y,z,t
= t2z3y4.
Finally, for the 3-dimensional stratum Π∗x,y,z,t, we have∣∣∣∣∂{t3, z3y, zx9, x12}∂{y, z, t}
∣∣∣∣′
Π∗x,y,z,t
= t2z3x21.
Thus Z is quasi-smooth. 
We set Z◦ = Z ∩ P◦wt=1 = Z ∩ (x 6= 0) and X◦ = pi−1(Z◦) = X ∩ (x 6= 0).
Lemma 7.15. X has only isolated cyclic quotient singularities along X \X◦.
Proof. We claim that X is quasi-smooth along X∩(w = 0). We denote by NQsm(X)
and NQsm(Z) the non-quasi-smooth loci of X and Z, respectively. Then it is easy
to check that
NQsm(X) ∩ (w = 0) = pi−1(NQsm(Z)),
which proves our claim since NQsm(Z) = ∅ by Lemma 7.14.
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Note that X \ X◦ = X ∩ (x = 0). We need to show that X is quasi-smooth
along X ∩ (x = 0) ∩ (w 6= 0). By Lemma 4.6, it is enough to show that Λ ∪ {w6}
satisfies the condition (†)I,P˜ for any I such that x vanishes along Π∗I,P˜ but w does
not. Specifically, it is enogh to check (†) for the strata
Π∗w, Π
∗
y,w, Π
∗
z,w, Π
∗
t,w, Π
∗
y,z,w, Π
∗
y,t,w, Π
∗
z,t,w, Π
∗
y,z,t,w.
It is clear that (†) is satisfied for the 0-dimensional stratum Π∗w since w6 ∈ Λ∪{w6}.
For 1-dimensional strata, we have∣∣∣∣∂{w6, y3z}∂z
∣∣∣∣′
Π∗y,w
= w6y3,
∣∣∣∣∂{w6, z3y}∂y
∣∣∣∣′
Π∗z,w
= w6z3,
∣∣∣∣∂{w6, t3}∂t
∣∣∣∣′
Π∗t,w
= w6t2.
For 2-dimensional strata, we have∣∣∣∣∂{w4t, y4, y3z}∂{z, t}
∣∣∣∣′
Π∗y,z,w
= w4y7,
and ∣∣∣∣∂{w6, t3, zy3}∂{z, t}
∣∣∣∣′
Π∗y,t,w
= w6t2y3,
∣∣∣∣∂{w6, t3, z3y}∂{y, t}
∣∣∣∣′
Π∗z,t,w
= w6t2z3
Finally, for the 3-dimensional stratum Π∗y,z,t,w, we have∣∣∣∣∂{w6, t3, z3y, t2zx}∂{x, y, t}
∣∣∣∣′
Π∗y,z,t,w
= w6t4z4.
Therefore X is quasismooth along X \X◦. 
Lemma 7.16. The section w¯ ∈ H0(Z,OZ(4)) has only admissible critical points on
Z◦.
Proof. For g ∈ 〈Λ〉k, let Zg be the weighted hypersurface in P defined by w¯3 + w¯2t+
g = 0 (so that we have Z = Zf ). We see that, for a point p ∈ (w¯ = 0) ∩ Zg, the
section w¯ can be chosen as a part of local coordinates of Zg at p, so that w¯ does not
have a critical point at any point of p ∈ Zg ∩ (w¯ = 0).
We set U = (w¯ 6= 0) ∩ P◦wt=1 ⊂ P. Let F be the affine space parametrizing the
homogeneous polynomials in variables x, y, z, t of weighted degree 19 and define
Wcr = { (g, p) | w¯ has a critical point at p ∈ Zg } ⊂ F × U,
Wna = { (g, p) | w¯ has a non-admissible critical point at p ∈ Zg } ⊂ Wcr.
Let p ∈ U be a point. We will compute the dimension of the fibers Wcrp and Wnap
over p of the projectionsWcr → U andWna → U , respectively. Since p ∈ U ⊂ P◦wt=1
and P◦wt=1 = (x 6= 0), the section x does not vanish at p and thus we may assume
p = (1:0 :0 :λ :µ) for some λ, µ ∈ k with µ 6= 0 after replacing y and z.
By setting x = 1, we think of U as an open subset (w¯ 6= 0) of the affine space
A4 with coordinates y, z, t, w¯. The point p corresponds to (0, 0, λ, µ) ∈ A4. We see
that Zg ∩ U is defined by w¯3 + w¯2t + g(1, y, z, t) = 0. We set t∗ = t − λ and write
g(1, y, z, t) = α + g1 + g2 + · · · , where gi = gi(y, z, t∗) is homogeneous of degree
i. Note that y, z, t∗ can be chosen as local coordinates of Zg at p. Passing to the
completion OˆZg ,p ∼= k[[y, z, t∗]], we think of w¯ = w¯(y, z, t∗) as a formal power series
in y, z, t∗. We write w¯ = µ+h1 +h2 + · · · , where hi = hi(y, z, t∗) is homogeneous of
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degree i. By looking at the constant terms and the degree 1 terms in the equation
w¯3 + w¯2t+ α+ g1 + g2 + · · · = 0, we have the relations:
α = µ3 + µ2λ, h1 = t
∗ + λ−2g1.
Note that α = µ3 + µ2λ is equivalent to the condition p ∈ Zg. The section w¯ has
a critical point if and only if h1 = 0, that is, t
∗ + µ−2g1 = 0. This implies that 4
conditions are imposed in order for (g, p) to be contained in Wcrp , that is, Wcrp is of
codimension 4 in F × {p}.
In the following, we keep the above setting and we assume that (g, p) ∈ Wcrp and
we will show that Wnap 6=Wcrp . Now we have α = µ3 +µ2λ and h1 = t∗+µ−2g1 = 0.
By looking at the degree 2 and 3 terms in the defining equation of Zg ∩ U , we have
h2 = µ
−2g2, h3 = µ−2g3,
that is,
w¯ = µ+ µ−2g2 + µ−3g3 + · · · .
We explicitly construct g as follows:
g = µx19 + µ2(t− λx4)x15 + µ2(yzx13 + µ2(t− λx4)2x11) + (t− λx4)3x7 + · · · ,
For the above g, we have g1 = µ
2t∗, g2 = µ2(yz+ t∗2) and g3 = µ2(t∗3 + · · · ), so that
w¯ has an admissible critical point at p. This shows that Wnap 6= Wcrp . Therefore,
since dimU = 4, we conclude the section w¯ has only admissible critical point on
Z◦ = Z ∩ U for a general f . 
Proposition 7.17. The family No. 19 together with T satisfies Condition 2.5.
Proof. We can verify Condition 2.5.(1) by the quasi-smoothness criterion [20, Theo-
rem 3.3] in characteristic 0. We see that Condition 3.4 is satisfied by Lemmas 7.14,
7.15 and 7.16, hence Condition 2.5.(2) follows from Proposition 3.5. 
Now Theorems 1.1 and 1.2 follow from Propositions 6.2, 7.4, 7.7, 7.10, 7.13 and
7.17.
8. Example of non-rational Fano 3-folds and absolute complexity
We recall the rationality criterion in terms of absolute complexity given in [4].
Definition 8.1 ([4, Definition 1.7]). Let X be a proper variety of dimension n and
let (X,∆) be a log pair. The absolute complexity γ = γ(X,∆) of (X,∆) is n+ρ−d,
where ρ is the rank of the group of Weil divisors modulo algebraic equivalence and
d is the sum of the coefficients of ∆.
Theorem 8.2 ([4, Theorem 1.8]). Let X be a proper variety. Suppose that (X,∆)
is log canonical and −(KX + ∆) is nef.
If γ(X,∆) < 3/2, then there is a proper finite morphism Y → X of degree at
most two, which is e´tale outside a closed subset of codimension at least two, such
that Y is rational.
In particular if Cl(X) contains no 2-torsion then X is rational.
In [4], various examples are provided in order to show that the above criterion
is sharp in many aspects (e.g. we cannot drop log canonicity of (X,∆), nef-ness of
−(KX + ∆), or the non-existence of 2-torsion of Cl(X), etc.). However, no example
is provided to show that the inequality γ < 3/2 is sharp. The aim of this section
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is to show that we cannot relax the inequality γ < 3/2 in Theorem 8.2 at least in
dimension 3.
Let X = X6 ⊂ P(1, 1, 2, 2, 3) be a very general weighted hypersurfaces of degree
6 defined over C. We see that the singular locus of X consist of 3 points p1, p2, p3
of type 12(1, 1, 1). Let H1, H2 be general members of the pencil |OX(1)| and D a
general member of |OX(2)|. Since X is (very) general, we can assume the following.
(1) D is smooth and it does not pass through p1, p2, p3.
(2) Hi has a du Val singularity of type A1 at p1, p2, p3 and smooth elsewhere.
(3) The scheme-theoretic intersections H1 ∩H2, H1 ∩D and H2 ∩D are nonsin-
gular curves.
We set ∆ = H1 +H2 +
1
2D.
Lemma 8.3. The pair (X,∆) is log canonical, KX + ∆ ∼Q 0 and γ(X,∆) = 3/2.
Proof. It is clear that KX + ∆ ∼Q 0. Since X is Q-factorial and is of Picard number
1, we have γ(X,∆) = 3 + 1− (1 + 1 + 1/2) = 3/2.
It remains to show that (X,∆) is log canonical. Let ϕ : Y → X be the blowup of
X at the points p1, p2, p3 and Ei ∼= P2 the exceptional divisor over pi. We have
KY + ∆˜ +
1
2
(E1 + E2 + E3) = ϕ
∗(KX + ∆),
where ∆˜ is the proper transform of ∆. We observe the following:
• H˜1, H˜2, D˜ are all smooth.
• D˜ ∩ Ei = Ej ∩ Ek = ∅ for any i, j, k with j 6= k,
• H˜i intersects Ek transversally along a line in Ek for i = 1, 2 and k = 1, 2, 3,
and
• H˜1 ∩ H˜2 ∩ Ek is a point for k = 1, 2, 3.
This means that ∆˜ + 12(E1 +E2 +E3) is a simple normal crossing divisor, and thus
(X,∆) is log canonical (see also Remark 8.4 below). 
Remark 8.4. We give an another proof for the log canonicity of (X,∆). Since X
and H1, H2, D are general, we see that the support of ∆ is simple normal crossing
outside the points p1, p2, p3. Hence (X,∆) is log canonical outside p1, p2, p3. The
germ (pi ∈ X) admits an orbifold chart τi : Vi → (pi ∈ X), where Vi is smooth and
pi ∈ X is the quotient of Vi under a suitable (Z/2Z)-action. Note that τi is e´tale
outside pi. Again by the generality of X,H1, H2, D, we see that τ
∗
i ∆ has a simple
normal crossing support. This implies that (Vi, τ
∗
i ∆) is log canonical. By [18, 8.12
Lemma], we conclude that (X,∆) is log canonical at pi and the proof is completed.
By the main result of this paper, X is not (stably) rational and Cl(X) ∼= Z has no
torsion (see Remark 4.2). Thus the rationality criterion [4, Theorem 1.8] in terms
of the absolute complexity is sharp, that is, the condition γ(X,∆) < 3/2 cannot be
weakened.
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